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Higher regulators, periods 



AND SPECIAL VALUES OF THE DEGREE 4 L-FUNCTION OF GSP4. 



Francesco Lemma 



Abstract. We consider the degree 4 L-function associated to an automorphic cuspi- 
dal representation tt of the symplectic group GSP4. Starting with Beilinson's Eisenstein 
symbol, we construct some motivic cohomology classes over the universal abelian scheme 
over the Shimura variety of GSP4. We show that the image of these classes under the 
absolute Hodge regulator vanishes on the boundary of the Baily-Borel conipactification of 
the Shimura variety. This allows to relate these classes to the product of an archimedean 
integral, Harris' occult period invariant, a Deligne period and the special value of this L- 
function predicted by Beilinson's conjecture. The representation tt is assumed to be stable, 
of multiplicity one and to have a Bessel associated to an isotropic symmetric matrix. 
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Introduction 



Given a pure motive M over Q, Beilinson's conjectures relate the first non-zero term of the Taylor 
expansion at (the special value at 0) of the L-function of M to the Betti realization of mixed 
motives 

Ext^(Q(0),Af) Ext^(R(0),Ms). 

Here the left hand term is the space of 1-extensions between the trivial motive and M, in the 
abelian category MM(Q) of mixed motives over Q. This category has not been discovered yet, but 
the triangulated category DM(Q) of Voevodsky ([51 Ch.5) has several properties of the bounded 
derived category MM(Q): for example it contains the category of Chow motives over Q and is 
the source of a contravariant triangulated functor 

DM(Q) > D^'MHSj^ 

in the bounded derived category of M- mixed Hodge structures with infinite Frobenius (|25j. |26j). 

Conjecture. (Beilinson) Let E he an extension of Q and M a Chow motive over Q, with 
coefficients in E and of weight < —3. 

(i) Then the image of the Betti realization functor 

HomDM(Q)(M,Q(0)[l]) ^ Ext;^yg+(M(0),MBE) 
is a E-structure of the left hand term. 

(ii) Let T>{M) he the Deligne E-structure on the highest exterior power det Extj^jjg+(K(0), M^r) 

and L{s, M) = J1d<oo ^"(^j & E C he the L-function of M . Then the highest exterior power 
TZ{M) of the E-structure given hy (i) satisfies 



7^(M) = L{Q,M)V{M). 
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The assumption on the weight imphes (conjecturally) that is in the convergence region of L{s, M). 
Originally, the conjecture has been stated for the motive W{X){n) associated to a proper and 
smooth Q-scheme X (j6] 8.4.2 and [38] 6.1). It relates the special value L*(0, H*(X)(n)) to the 
image under Beilinson's regulator of the motivic cohomology space H^i(X,Q(n)). But as the 
weight i — 2ri is assumed to be < —3, hence non zero, this space is conjecturally isomorphic to 
the space of 1-extensions ExtJ^i^^(Q-,((Q)(0), H'(X)(n)) (see |30j Rem. 4.12 (c)). This formulation of 
the conjecture, well known to specialists, has the advantage to make transparent the connection 
with Selmer groups associated to p-adic representations, objects far more familiar in number theory. 

All but one successfull attempt to prove the conjecture involved three main ideas, already present in 
Beilinson's work on elliptic modular forms [5]: construction of motivic cohomology classes starting 
with Beilinson's Eisenstein symbol, calculation of their image under the regulator map and com- 
paraison of the result with the L-value via the Rankin-Selberg method. Building on these ideas, 
Kings proved a weak form of the conjecture for some Hilbert modular forms over a real quadratic 
field f3l] . We adress the case of the group of similitudes 

GSp4 = {g e G'L{Va) \ 3 v{g) e G,„, Vw, w e Vi, ipigv^gw) = v{g)il}{v,w) }. 

of a four-dimensionnal symplectic space {V^,^) over Q. Fix two integers fc > fc' > and an 
imbedding 

GL2 Xg„ GL2 ''- — > GSp4 

of the group of couples of matrices with the same determinant into GSP4. On the level of Shimura 
varieties, this gives rise to closed imbeddings of codimension one 

(E X -^-^ pk+k' 



M X M' > S 

of the product of two modular curves, with their universal elliptic curves, into the Siegel modular 
variety of dimension 3, with it's universal abelian surface. The Eisenstein symbol [5], [32]) [IZ] 
provides motivic cohomology classes in H^^(E",Q(n + 1)) for every integer n. Then the image 
under the Gysin morphism t'^ of cup product of Eisenstein symbols for k and k' defines a subspace 
£^'^' of the motivic cohomology space H^'''+''(A'=+'^' , Q(fc + k' + 3)) (see ([^X^ ). Let V2 be the 
standard representation of GL2 and det be the determinant. Up to isomorphism, there exists a 
unique representation W^^ of GSp4 whose restriction i*W^^ contains the irreducible representa- 
tion (Sym''V2 ^ Sym'^ V2) ® det^^. One associates to W'^'^ a variation of Q-Hodge structures on 
S of weight —c{W*'^ ), where c{W^^ ) = fc + fc' + 6 is the central character of W^'^ . Hence the 
interior cohomology 

H?(S,W^"') =Im(H;!(S,W^"') — > H3(S,iy"')) 

is a Q-Hodge structure pure of weight w — —c{W^^ ) + 3. Our first result is the following 

Theorem. Assume k > k' > Q and k ^ k' + 3. Then the space £^'^ is mapped under Beilinson's 
regulator 

r : H5d"'''+^A'=+'^'' , Q(fc + k' + 3)) — ^ ^k+k' +4 ^j^k+k' ^ ^^f^ + fc' + 3)) ® Q 
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into the space of l-extensions ExtJ^jjjg+ (M(0), Hf(S, W'^'^')^) ® Q. 

In fact by the very definition of one has r(£'=''=') C ExtJ.„„+ (R(0), H3(S, M^*^ '^^j «> Q. The 

theorem follows from the vanishing of r{£'^'^ ) on the boundary of the Baily-Borel compactification 
of S f propositions 12.91 and 12. 16)) . 

Let TT — TT^ be an irreducible cuspidal automorphic representation of GSp4 and S be the finite 
set of finite places where tt is ramified together with the infinite place. The degree four L-function 
of TT is the Langlands Euler product 

Ls(s,7r) = i(s,7r„) 

v<^S 

associated to the standard representation of the Langlands dual ^GSp4 — GSp4(C). As- 
sume that the archimedean component tTqc of tt is in the discrete series L-packet P[W^^ ) = 
{tTj^, TT^, 7fj^, Tfj^} associated to W^^ . Then by [21 , it's non-arichimedean part Hf is defined over 
a number field E{-Kf). Hence the space 

Mb(^/,W''='=') =HomQ[G(A,)](Ress(^/)/Q> 7r/,Hf (S, ) 

is a pure Q-Hodge structure with coefficients in E{TTf), of weight w. Let us also assume that tt is 
stable and of multiplicity one, which means that the multiplicities of representations with the same 
non-archimedean part than tt and with archimedean part in P{W'' ^ ) satisfy 

® ^/) = »7i(7r^ ® TT/) = m(7f^ ® 11 f) = m(7f£ ® ITf) = 1. 

Such representations represent the majority of representations with archimedean component in 
p^yykk -J ^ggg |2j ^g^^ p jgy example is given by the theta lift to GSp4 of an Hilbert modular 
form over a real quadratic field ([41] Th. 8.6 (1)). By the work of Taylor [50], Laumon [35] and 
Weissauer [5^ one knows that for every prime number I, the local L-factor at a place v ^ S Li {1} 
of the 1-adic Galois representation Mi{irf,W'^'^ ) corresponding to Ms(7r/, M^'^'^ ) is related to the 
Langlands local L-factor by 

L,(s,Mj(7r/,W^"')) = 

where tt is the dual of tt. This equality is compatible with functional equations on both sides 
f section [3. 7p . Fix an embedding of E{iTf) in Q. Stability and multiplicity one imply that the E(8)Q- 
module ExtJ^jjjg+(M(0),MB(7r/, Ty'='=')R) «'_e(^^) Q is of rank one. Let V{irf,W''''') be it's Deligne 

Q-structure (definition 13.41 (u)). The preceding theorem gives another sub Q-space TZ{irf,W''^ ) 
of the space of l-extensions Extj^jjg+(M(0), MB(7r/, T^*''^ )k) ®£;(7r/) Q that is to be compared to 

V{iTf,W''^ ). One compares the two by comparing their cup-products by the cohomology class 
associated to cusp form cj) on GSp4 (lemma [3^ . The cup-product with Tl{irf,W'^'' ) turns out 
to be a global adelic integral of the product of (j> by an Eisenstein series (proposition I3.23P ; and 
when the cohomology class associated to is assumed to be rational in de Rham cohomology, the 
cup-prduct with 'D{irf,W'^^ ) is a Deligne period (proposition 13.10) ). In the following, we'll denote 
by it' the representation #| l^*^^*^ Unfortunately, we also denote by it the length of a circle of 
radius ^. 
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Theorem. Let be the center 0/GL2 GL2. Assume that n is stable, of multiplicity one, with 
archimedean part belonging to the subset of generic elements {7r^,7f^} ofP{W'''' ) and with central 
character of sign (—1)'^+'^ . Let Oi\ and 0L2 be two Hecke characters of of respective norms ~k' 

and —k and of respective signs (—1)'^ and (—1)'^ . Let c^~^) ^ ^ (ttj^W'''' ) be the Deligne period 
of sign (—1)'=+'= +^ associated to iTf and W^'^ . Then there is an Eisenstein series E'^{x,aia2,s) 
on (GL2 Xg,„ GL2)(A) and a form G tt' such that 

7^(7^J.,ly"') _ 

c(-i)'^''^\7r/,W^''''^') [ (t){x)E'^{x,aia2,k + k' + S~l)dx 

J[Z'^{A) (GL2Xg„GL2)(Q)]\(GL2Xg„GL2)(A) 2 
up to multiplication by a non-zero algebraic number and a power of i and of n. 

The integral appearing in the theorem was defined and studied by Piatetski-Shapiro |39j in order 
to prove the analytic continuation and the functional equation of Ls{s,Tr). The non vanishing of 
the integral, i.e. of TZ{nf, W^'^ ), depends on the Fourier expansion of the form (j) along the Siegel 
maximal parabolic of GSp4, whose unipotent radical is the group of symmetric matrices of 
size 2. More precisely, it is equivalent to the existence of a Bessel model of relative to (/3, aia2) 
where (3 G VF°(Q) is an isotropic matrix (lemma FS.SOp . As the Fourier expansion of cuspidal Siegel 
modular forms is indexed by definite positive symmetric matrices, the integral would be zero if 
were such a form. So it is remarkable that mixed Hodge theory forces to choose a cusp form (j) which 
is a generic member of a discrete series L-packet (remark following lemma |33|) . in other terms a form 
that is neither a holomorphic nor a anti-holomorphic Siegel modular form. Assuming the existence 
of the global Bessel model, the integral is expanded in an Euler product of local integrals, that can 
be assumed to be non zero algebraic numbers if the local Bessel model is algebraic (lemma 13.32^ . 
For holomorphic forms, the q-expansion priciple says that the rationality in de Rham cohomology 
is equivalent to the one of the Fourier expansion. Here, it was noticed by Harris |24j that the 
rational structure on tt' given by de Rham cohomology and the one given by the Bessel model differ 
by a number, the occult period invariant a{'K' , (3 , aia2) f definition I3.33|) . Relying on Furusawa's 
computations (proposition 13 . 32|) of the unramified non-archimedcan integrals we deduce our main 
result. 

Theorem. Let S' be a finite set of ramified places containing S . We keep assumptions and no- 
tations of the preceding theorem. Let j3 be an isotropic symmetric matrix in GL2(Q) and Z^a be 
the archimedean integral appearing in the factorization k3. 6.1]) . Assume that tt' has a Bessel model 
relative to {P,aia2). Then 

TZiTTf, EE a{7:', (3, a^a2) c^-^^"^"'^" {^f, ''')Ls- (-| tt^) I?(7r/, 1^'= 

up to multiplication by a non-zero algebraic number and a power of i and of n. 

Remarks. 

- Powers of i and of tt appearing in the above theorem are computable but this seems worthless 
while the archimedean integral Zoo hasn't been computed. We expect this integral to be the value 
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at zero of the Gamma factor predicted by the rule of Serre (see section 13.71) , up to integral powers 
of i and of vr. A similar integral has been computed in 36J Th. 12.2. 

- The theorem above shows that the non vanishing of the regulator, which is predicted by Beilin- 
son's conjecture, implies the existence of a Bessel model for the stable automorphic representation 
TT, relative to {/3,aia2)- 

- Our theorem deals with the value of a partial L-function whereas the conjecture is about the 
complete L-function. It is a consequence of the conjecture Cg of Serre ^48] that at the places v of 
bad reduction the local L-factor Ly{s, M) is a well defined algebraic number at 0. Hence assuming 
Cg, one can replace the complete L-function by the partial L-function in the statement of the 
conjecture for motives with coefficients in Q. 

- In the paper [24], the occult period invariant is related to the critical values of the degree four 
L-fimction. Without going into the details of the careful sign analysis made in [loc. cit.], let us 
mention that the main results of this paper and Deligne's conjecture ^15j show that this invariant 
looks like the inverse of a Deligne period c{-Kf,W^^ ). This is compatible with the above result 
and Beilinson's conjecture. 

- Except the major technical complexity, the main new phenomenon appearing in the study of 
Beilinson's conjecture for stable forms on GSp4 is the occurrence of the generic forms in the Rankin- 
Selberg integral. This leads to the presence of the occult period and of the Deligne period in the 
final result. 



1 Preliminaries 



1.1 Conventions and notations 

1.1.1 Given a ring A, a A-algebra B and a ^-module M, resp. a v4-scheme X , we'll denote by M^, 
resp. Xb, the i3-module M ®a B, resp. the i?-scheme X (g)^ B. We fix an algebraic closure Q of 
Q. For x,y €z <C Q, we write x = y ii x and y coincide up to left multiplication by a power of i 
and of TT and right multiplication by an element of . 



1.1.2 Let G2, resp. G4, the group GL2, resp. GSP4. The multiplicative group Gm will sometimes 
be denoted by Gq. We have the similitude factor 1^4 : G4 ^ Go and the determinant : G2 — > Gq. 
We write as usual Sp4 = Keri/4. Let 112 be the group G2 Xgq G2 of couples of invertible matrices 
with the same determinant. We choose a symplectic basis (ei, 62, 63, 64) of (V4, tp) such that 





-I2 



I2 




where I2 denotes the identity matrix of size 2. Hence we have a symplectic isomorphism V2®V2 — V4 



and the imbedding l : H2 



G4 is given by 



a b 
c d 



y 



a 





b 


' \ 





a' 





y 


c 





d 





V 


c' 








(1.1.1) 
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The symbol n wih denote either 2 or 4. Let T„, B„ and Z„ be the diagonal maximal torus, the 
standard Borel and the center of G„. We have 



T2 = <{diag(a,a ^v) ^ \ q ) Aa,v) e 



T4 — < diag(Q!i, a2, cki ^J^, a2 



ai 

a2 

a{^v 

V a2"V J 



(ai, a2, v) e 



The group of characters X*(T„) is identified to Z"+^ via X{k,t) : diag(a, a"^;^) 1-^ a^i/* and 
X{k,k',t) : diag(ai, a2, a^^z/, a^^i/) 1-^ aia2 v*' ■ Write pi = A(l,— 1,0) and p2 = A(0, 2,0). Then 
the roots of T4 in G4 are R = { ipi, ±P2, ±(/3i + P2), i(2/5i + P2) } and the positive roots with 
respect to B4 arc i?+ = {pi, p2, pi + P2, 2pi + P2} ([H] § 16.1). The Weyl group W4 is the 
dihedral group generated by reflections of with axis pi and p2 ■ The reflexion with axis p will be 
denoted by Sp. For G4, dominants, resp. regular weights are the X{k,k',t) with k > k' > 0, resp. 
k > k' > 0. Given a representation En of G„, denote by £"„(<) the representation En (8) i^®*, resp. 
En (8) t'®"*, if f > 0, resp. if t < 0. For any dominant weight X{k,k',t), there exists a unique, up 
to isomorphism, irreducible subrepresentation E4 C ]/®'^+'^ (t) of highest weight X{k,k',t) ([loc. 
cit.] Th. 17.5) and all irreducible representations are obtained in this way. Note that for weight 
reasons, the restriction i*E to 112 contains the irreducible representation (Sym'^V2 Kl Sym*^ V2){t). 
The symplectic form induces an isomorphism V4 ~ 1/4(1). As a consequence, if E is as above we 
have E ~ E{k + fc' + 2<). Dominants, resp. regular, weights of T2 are the A(/c, t) with fc > 0, resp. 
A; > 0. The irreducible representation of G2 of highest weight X{k,t) is the twisted symmetric 
product Sym'^V2(i)- We fix once and for all an irreducible representation W^^ of G4 of highest 
weight A(fc, /c', 3). 

1.1.3 The unitary group U(n/2) = {X E GL„(C)|*XA = I^} is identified to a maximal compact 
subgroup K'n of Sp„(E) by the map X ^ A + iB < — > ( Then K„oo = Z„(M) K'n 00 is a 



^ -B A ^ 

subgroup of G„(M) maximal compact modulo the center and T4 = l,(K2<x> K200) is a maximal 
elliptic torus of G4(R). Let be the non zero real numbers of sign ±1 and G„(R)* = I'n^i^^)- 
Write Qn , i'n and t„ for the complex Lie algebras of G„ , K'n 00 and K„ 00 respectively. We have 

t'n = (( ^„ ^,)\A,BeM.iC)U = -A,'B = B 



The Cartan decomposition is 0„ = 6„ ® pn with p„ = p+ ® p~ and 



vi = \M={ ) \ZeM^{R),'Z = Z}. (1.1.2) 



Let J2 = ^ J I j e G2(C) and J4 ^ l{J2 x J2) G G4(C). Then Ad J„ : g 1 — > J'^gJn induce 
an isomorphism K200 — T2, resp. T4(C) ~ T4, for 11 = 2, resp. n — A. For c = n mod 2 and 
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d = n + n' mod 2 denote by A'(n, c) and A'(n, n', c') respectively the characters 



A(n, ■ 



^/ , c-n-n 

A(n, n , joAd J4 






Ad J2 


i 


X 


y 


) 








-y 


X 




/ 


X 





y 





\ 





















a; 







V 





-2/' 










{x+iyrix'+tyT {x'+y^y 



(1.1.3) 



Lemma 1.1. Let e corresponding to Z = ±^ in \1.1.2\ (i) T/ie weight of is A'(±2,0). 



/ 1 i \ 

-1 i 
-i 1 

\ -i -1 y 

A'(l,— 1,0) BKc? A'(— 1, 1, 0) respectively. 



(ii) T/ie vectors d 



and d 



/ 1 \ 

-1 {) -i 

i 1 

\ i 0-1 y 



Proof. Easy computation. 



m £4 are 0/ weight 



□ 



The lemma shows that the compact roots are ^Ka^ = {ip'ilj the roots in the Lie algebra are 
{ipi, ±(/3'i + P2), i(2pi + P2)}j the positive compact root is and the dominant weights of K400 
are the X'{n, n' , c) with n > n' . The compact Weyl group Wk^^ is the subgroup of W4 generated 
by the reflexion of axis p[ + 

Lemma 1.2. Let m > be an integer. The choice of a symplectic basis {X,Y) of V2 gives an 
identification of Sym'"V2 with the space of homogeneous polynomials of degree m in X and Y . 

(a) ForO<j <m let bf{X, Y) = {iX - Y)' {iX + r)'"-J. Then bj" if of weight X'{2j - m, m). 

(b) Denote by [ , ]2 the pairing Sym'"V2 ® Sym™V2 ^ Q(^™)- There is a basis (a™)o<j<m of 
Sym'"V2C such that 



(i) the weight of a™' is A'(m — 2j, —m), 



(ii) one has w+a 

(iii) a™ = (-l)'"a™_^., 

(iv) [ar, «r]2C 



else. 



and V a™ 



-(™-j)aj>i 'ifj<m-l 
else. 



1 if i + i ~ m 
else. 



Proof, (a) Easy computation, (b) Write 

dual basis ( 

the Leibniz rule we have 



0. Then we have = (m — j)&^i, 



= jb^-i- By (a), in the dual basis (&™)j, the vector 6™ is of weight X'{m — 2j,—m) and by 

— (to — j + l)6"ii ^^'^ v"b"^ = + 1 )&"+!. Define inductively 
ao = IjCij ~ — j + l)aj_i. Then one checks easily that the basis (a™ = ajb™')j has the 

properties (i), (ii) and (iii). Property (iv) follows from the consideration of weights. □ 
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1.1.4 Let § — Res^i^^ra be the Deligne torus. We follow the convention of [TB] (1.1.1.1) and [ID] 1.3 
associating to a representation p : § ^ GL(F) in a M-vector space correspond the decompositions 
Vc = 0p,q 1^^''' where yP-? is the factor where z e §(]R) acts by z-Pz"?. Note that W- C 
acts on the factor V'P^'i by the character a: ^ x~* where t = p + q. 

1.1.5 Fix a split reductive algebraic linear group G over Q, with center Z and let Kao be a maximal 
compact modulo the center subgroup of G(]R). In the following G will be G4 or 112. Denote 
by C°°(G(Q)\G(A)), resp. (G(Q)\G(A)), the space of functions G(Q)\G(A) — > C whose 
restriction to G{M.) is iiToo-finite, of class C°°, resp. of class C°° and with compact support modulo 
the center, and whose restriction to G(A/) is locally constant with compact support. Denoting 
by C^(G(Q)\G(A)) and C^(G(Q)\G(A)) the spaces of rapidly decreasing and slowly increasing 
functions (see [22] § 1 for the definition) respectively, we have the sequence of inclusions 

Cr(G(Q)\G(A)) c C,°S(G(Q)\G(A)) c C°°(G(Q)\G(A)) c C,T(G(Q)\G(A)). 

Let g — {LieG)c and i — (LieKoo)c- The choice of a generator 1 of the highest exterior power 
determines a left translation invariant measure dgoo on G{M.)/ Koo- We choose a Haar 
measure dk on Z{M.)\Koo with total mass equal to one. So dgoodk is a Haar measure on Z(R)\G(E). 
On G{Af) = Yi'p'^i'Qp) t^k^ Haar measure dgf — Yi' '^dp where dgy is the Haar measure 
on G(Qp) for which G(Zp) has volume one. Hence the choice of 1 determines a Haar measure 
dg = dgoodgf on Z(]R)\G(A). Given a Hecke character uj : Q^\A^ let — uj o i^^ where ly 

is 1^2 if G = G2, G2 Xg„ G2 and is 1/4 if G = G4. Let 

L'(Z{A)G{Q)\G(A},Lu) 
= {f:G{Q)\G{A)-.C\3u;J{zg)^u;{z)f{g), f \xU9)-'\\f{9)\^dg<^} 

JZ(A)G(Q)\G(A) 

be the Hilbert space of square integrablc functions modulo the center, with the action of G(A) 
by right translation. Let C(^)(G(Q)\G(A)) = [j^ L^{Z{ A) G{q)\G{ A), aj)C\C'^{G{Q)\G {A))The 
subspace °L^(Z(A)G(Q)\G(A), of cuspidal functions is the Hilbert sum of it's closed irreducible 
subspaces °L'^{Z{A)G{Q)\G{A),uj) = 0m(7r)7r with finite multiplicities ([9] 4.6). The tt's appear- 
ing in the decomposition are the automorphic cuspidal representations of G with central character 
to. Unfortunately, we will use the same letter tt to denote automorphic representations and the 
length of a circle of radius 1/2. Let T C i? C G be a maximal torus and a Borel. Given a Hecke 
character x ■ T{Q)\T{A) -> we denote by ind^[*|x the space of functions / : G(A) C that 
are iiToo -finite, locally constant on G{Af) and satisfy f{tx) = x{t)f{x)- The space ind^|^jx is a 
(0,^00) X G{Af) module by right translation. 

1.1.6 Given a (g, ifoo)-inodule V, we'll consider the complex G* {g, Koo,V) = Hom^^ (/\* g/f, y) 
( [To] I) and we'll denote by H* {q, Koo,V) it's cohomology. A congruence subgroup of G(Q) is 
a subgroup of the shape G(Q) n K for a compact open subgroup K C G(A/). An artihmetic 
subgroup of G{Q) is a subgroup commensurable with a (hence with every) congruence subgroup 
of G(Q). Every compact open subgroup K C G(A/) will be assumed to be neat and we will freely 
use that the subgroup and the image of a neat group are neats, that neatness is invariant under 
inner automorphisms of G(Aj) and that a group that is finite and neat is trivial ([loc. cit.] 0.6). 
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1.1.7 Let T be a torus defined over Q and Aq be an algebraic character T G„j. Denote by r(Ili)+ 
the neutral component of T(R). An algebraic character of T of type A is a continuous character 
A : T(Q)\r(A) whose restriction to T(R)+ coincides the one of with A(R)-^ For T = 

we will say "algebraic Hecke character of type r" instead of "algebraic Hecke character of type 
X ^ x'^" . The sign of such a character A is defined as sgn{X) = A|rx (—1). 

1.1.8 Let us now recall a definition and some basic properties of the motivic cohomology functor. 
Let fc be a field of characteristic zero, let Sm/k be the category of smooth fc-schemes and let i? be a 
commutative ring. Then we have the tensor tirangulated category DM^i^f (fc) of effective geometric 
motives over k and the rigid tensor triangulated category DMgm(fc) of geometric motives over k 
f [5T] Def. 2.1.1 p. 192 and (4.3.7)). Denote by BMfJ{k)R and BMg„i{k)R the categories deduced 
by extending the scalars to R. There is a fully faithful covariant functor 

Sm/k^^DMfJ{k)R 
and a tensor triangulated covariant functor 

DMfJ{k)R >DM<,™(fc)^. 

We denote again by Mgm the composition Sm/k — > DM^^f {k)^ — > DMg„i(fc)fl,. For X e Sm/k 
and two integers m and n, the n-th motivic cohomology group of X with coefficients in R(m) is 
the i?-module 

Tll,{X,R{m)) - HomDM,„(fc)H(Mg,„(X),i?(m)[n]). 

We see H^(X, i?(m)) as a substitute for the group of n-extensions Ext J^]y[( (i?(0), i?(m)) in the 
category MM{X) of mixed motive sheaves over X. Given a morphism / : X — > Y E Sm/k, we 
write 

r ^RomuM,Uk)AMam{f),R{m)[n]) ■.lll,{Y,R{mj) > H^, (X, i?(m)). 

For X,X' e Sm/k, we have Mg„(X) (g) Mg„(X') = Mg^iX x X'). Let px : X x X' — > X and 
px' : X X X' — s- X' be the projections. The external cup-product 

Rl^{X,R{m))®ui^{X',R{m'))- ^H;^"'(X x X',R{m + m')) 

is defined hy f ® g i — > p*x{f) ®P*xf{g)- By [loc. cit.] Ch.4 p. 186 et Ch.5 Prop. 4.2.9 there is a 
functorial isomorphism 

(X, R{m)) = CH"" {X, 2m~n)®R 

where the right hand term denotes Bloch's higher Chow group [8. . By [loc. cit.] Th. 9.1, when R 
is a Q-algebr, the Chern character is a functorial isomorphism 

Wl,{X,R{m))^K^^J^_^{X)®R 

where the right hand term denotes Quillen's algerbaic K-theory of X. Note that in [5], this equality 
is taken as a definition of the left hand term. In this work we will only consider the case k — Q and 
R = Q. The properties of motivic cohomology that we use don't rely on Voevodsky's construction. 



Higher regulators, periods and special values. 
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1.2 Mixed Hodge modules and absolute Hodge cohomology 

Mixed Hodge modules are the relative version of mixed Hodge structures, and are the analogues 
of mixed 1-adic perverse sheaves. On the derived categories of mixed Hodge modules, we have the 
formalism of Grothendieck's 6 functors, Verdier duality and a nice functorial behaviour of weights. 
Absolute Hodge cohomology is the absolute cohomology associated to Mixed Hodge modules. In 
this section we fix some conventions and recall some basic properties of mixed Hodge structures, 
mixed Hodge modules and absolute Hodge cohomology. 

Let A be a subfield of R. A pure A-Hodge structure of weight n is a finite dimensional A- vector 
space M whose complexified space Mc has a finite and exhaustive decreasing filtration F*Mc that 
is n-opposed to the conjugate filtration F*Mc Def. 1.2.3). Write MP^^ = PPMc H F^Mc- 
Then one has a decomposition Mc = 0p+,^„ MP'« and F^Mc = 0p,>pMP''« ([loc.cit.] Prop. 
1.2.5 (ii)). 

Definition 1.3. (i) A mixed A-Hodge structure (M, VF*M, F*Mc) is a finite dimensional A-vector 
space endowed with a finite increasing (weight) filtration W^,M, and whose complexification 
has a finite decreasing (Hodge) filtration F*Mc inducing a pure polarisable ([loc.cit.] 2.3) Hodge 
structure of weight n on the n-th graded piece Gr^ M . (ii) A mixed real A-Hodge structure is a 
mixed A-Hodge structure whose underlying vector space has a A-linear involution F^o stabilizing 
the weight filtration and whose C-antilinear complexification Fao ® t stabilizes the Hodge filtration. 

The involution Fao ® t is called the de Rham involution. We denote by MHSj^ the category of 
mixed real A-Hodge structures, which is an abelian category by [loc.cit.] 2.3.5 (i). 

Definition 1.4. Let Ehc & ring. A mixed real ^-Hodge structure with coefficients in E \s& couple 
(M, a) where M S MHSjj and a : E ^ End^^g+ (M) is a ring homomorphism. 

Let Sch{Q) be the category of quasi-projective Q-schemes. For s : X SpecQ G Sch{Q) we 
consider the abelian category MHM^(Ar/R) of real algebraic mixed ^- Hodge modules ([27 Def. 
A. 2. 4). Objects M e MHM^(Ar/]R.) have an increasing weight filtration W^M and we say that 
AI is of weight > n, resp. < n, if Grf' M — ioi i < n, resp. i > n. Let D'^{Xc,A) be 
the bounded derived category of sheaves of A modules with constructible cohomology objects and 
consider PervA(Arc) C D'^{Xc, A) the subcategory of perverse sheaves for the autodual perversity on 
Xc- By [4] the natural functor D^PervA(A:c) ^ D^^{Xc, A) is an equivalence. According to [43j Th. 
0.1 there is a functor rat : MIIMa{X/R) PeTVA{Xc) which is faithful and exact. We'll denote 
again by rat : i:»''MHMA(A:/R) DJ(Xc, A) the derived functor. For M e D^MRMAiX /M.) , the 
cohomology objects WM satisfy rat{WM) — PH'^rat{M) where is the perverse cohomology 
functor. When X is smooth and purely of dimension d, for any local system V of A-vector spaces on 
Xc, the complex V[d] concentrated in degree —d is an object oiPeiVA{Xc)- We identify in this way 
the category of local systems on Xc to an abelian subcategory of PervA(A"c). Let MSMAiX /M.y 
be the full subcategory of MHMa(A"/R) whose underlying perverse sheaf is a local system and 
YaTA{X/M.) the category of real admissible polarizable variations of mixed A-Hodge structures over 
X ([21] Def. A.2.1 b). There is an equivalence VarA(A:/R) ~ MHMa(A:/R)'' ([loc. cit.] Def A.2.4b) 
that we denote hy V . As a consequence we have an equivalence MHMA(SpecQ/M) — MHMj^ 
([loc. cit.] Lem. A. 2. 2). In the following, we'll simply say "variation" instead of "real admissible 
polarizable variations of mixed j4-Hodge structures" . 
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Theorem 1.5. JJ^, g^/ 0.1, ^ Th. A. 2.5. The derived categories D^'MRMAi /K) have the 
formalism of Grothendieck's 6 functors (f*, f*, fi. f'. Hom ,^) and Verdier duality H. These functors 
commute with rat. 

One should be warned that the perverse t-structure gives rise to unusual shifts for pull-backs of 
variations between schemes of different dimensions. For / : X — > K be a morphism in Sch(Q), 
where X and Y are equidimensionnal of dimensions dx and dy respectively, consider the usual 
pull-back of variations fl : Ya.YA{Y/R) Xa.YA{X/M.). Then for V £ VarA(F/R) we have 

if:vy = rV'[dx - dy]. (1.2.1) 

Denote by A{n) E Var(X/M) be the variation of weight — 2?i, type {—n, —n), whose underlying local 
system is (2i7r)"A. The compatibility between the theory of mixed Hodge modules and classical 
mixed Hodge theory is then given by the following 

Proposition 1.6. [loc. cit.] Cor. A. 1.7. The real mixed A- Hodge structure W~'^s*A[ny is the 
i-th singular cohomology space of X(<C) with the mixed A-Hodge structure of \Wj and Foo is the 
involution induced by the complex conjugation on X{<C). 

When the coefficient field is clear, we simply denote by l{n), resp. 1, the variation A{n), resp. ^(0). 
We'll often omit the * and consider variations as mixed Hodge modules. For M in £'''MHM^ (X/M) , 
we have the z-th singular cohomology space W{X,M) = T-C^~'^s^,AI, the z-th singular cohomol- 
ogy space with compact support HJ,(X, Af) = T-C^^s\M and the i-th interior cohomology space 
Hi(X, A/) = Im{W^{X,M) W{X,M)), which are objects of MHS;^. The i-th absolute coho- 
mology space with coefficients in M is by definition \1\{X,M) = Hom£i6MHMA(x/R) (1' ^'^W)- Note 
again that (|1.2.ip gives rise to unusual shifts in the exact sequence relating the cohomology of a 
closed subscheme 

Y ^Xi — U 



SpecQ 

and the one of the complementary. Assume that Y is purely of codimension c. Let M e 

D^MHMa{U/M.). Applied to j.A//, the exact triangle > 1 > i^i* -^-^ ([43] (4.4.1)) 

gives rise to the exact sequence of singular cohomology 

... — > ff,(L/, M) — > ([/, M) — > H'-"(r, A/) — > H^+i(C/, M) — > 

and to the restriction map in absolute Hodge cohomology HJj(X, M) — > 'ii\y'''{Y, i^,j* M). Further- 
more by (|1.2.ip we have 1 = s*l[(i], hence 

HU^,M) =Homc.MHMA(x/R)(l,s*M[z-d]). (1.2.2) 

For any M S MHS^ and i > 1, wc have ExtJ^jjg+ (1, Af ) = ([6] Cor. 1.10). As a consequence, for 
A = R, the Leray spectral sequence computing the right hand side of (|1.2.2p reduces to an exact 
sequence 

^ Extl^^^{l,W-\X,M)) -> HU^,M) ^ Homj^gH+(l,ff (X, Af)) 0. (1.2.3) 
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Furthermore, for M G MHS™ one has a canonical isomorphism 



Wn 



(1.2.4) 



, WqMc n WqM + WqFOMc , 
(see [38] 2.5.3). In the foUowing, we only consider absolute Hodge cohomology with real coefficients. 



Proposition 1.7. (4-5.1.) Let f : X Y e Sch{Q) purely of relative dimension d and 
V G Var(X/M) be pure of weight p. Then H.^^'^f^.V is of weight > i + p and T-C~'^ fiV is of weight 
< i + p. 



1.3 The Shimura varieties 

We work in the context of mixed Shimura data and mixed Shimura varieties, for which we refer to 
[iP] . The semi-direct product x G„ is imbedded in GL„_|.i by 



1 

V g 



and will be viewed as a linear algebraic group over Q. Let m > be an integer and denote by P™, 
Pg" and Pf the groups Vj®" x G2, (V^> © V^2)™ x H2 and V^"' x G4 respectively. The symplectic 
isomorphism V2 V2 — V4 together with the imbedding b (ll.l.l|) induce a commutative diagram 



^2 



H, 



-^P5 



-4G4 



(1.3.1) 



Let /i^ : S(IR) 



P™(M) be the morphism 



z = X + iy I 



0, 



X 



y 

-y X 



(1.3.2) 



Write h'i^ 



§(R) 



and h^ = l' o h'^ : §(R) — » PJ^(]R). The conjugacy 
classes H^, U'^ and Hf under P^"(R), P^"(]R) and PJ'(R) of /i^", /I'J" and /ij" respectively define 
mixed Shimura data (H^,P^), (7^^™,Pg") and (HJ\PJ') whose reflex field is Q ([loc. cit.] 2.2.5). 
Finally Tif] = /iq = det o /i" ; § ^ Go, which is part of a pure Shimura datum (Go, 'Wq). 



Lemma 1.8. For n e {0,2,4}, /ei {p, E) be an algebraic representation 0/ G„. Then for every 
X G the morphism o x : § — > GL(i?K) induces a mixed R-Hodge structure on Eth whose 
weight filtration doesn't depend on x. The k-th graded part Gr^ is the direct factor of E^ where 
i e C = §(M) acts by multiplication by t^^ . 

Proof. This is a reformulation of our convention 1.1.4. The independence on x of the weight 
filtration follows from the fact that the restriction of (R) : C ^ G„(M) to is central. □ 



Proposition 1.9. Let K C P™(A/) be a compact open subgroup. 
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(i) JJUjj Th. 11.18, 12.4. The space P™(Q)\7^™ x P™(A/)/i^ is the set of complex points of a 
smooth quasi- projective Q-scheme A^^^. 

(ii) [loc. cit.] 3.6 For every g € P™(Ay) and every compact open subgroup L C P™(Ay) .such that 
K C gLg^^ , right multiplication by g 

P™(Q)\W™ X P;i'(A/)/i^ ^ P™(Q)\W™ X P7:iAf)/L 
descends to an Stale cover — ^ — )■ A^j^ . 

(iii) [loc. cit.] 3.10, 3.11, Prop. 11.10. The projection tt™ : P™ G„ induces a morphism of 
Shimura data A™ : (7i™,P™) (7i°,G„) hence a continuous map 

K: : P™(Q)\K' X P'"r:{Af)/K ^ G„(Q)\H„ x G„(A/)/<'(i^) 

that descends to a morphism of Q-schemes A™ : > A'^^,„f^j^y Furthermore A™ is an abelian 

scheme of relative dimension ^ . 

(iv) [loc. cit.] 3.10, 3.11. If K is of the shape Ky™' x K' for compact open subgroups Ky ofVn{A.f) 
and K' of Gn{Af) stabilizing Ky, then we have an isomorphism of A'^j^,- schemes 



(v) The Q-scheme A^^j^ is of dimension !lil|t2). 

The statement (v) follows from the identification of Aj'j^(C) with a finite disjoint union of quotients 
of the Siegel upper half-plane by arithmetic subgroups of Sp4(Z). Analogous statements of (i) and 
(ii) hold for the group PJ™- Given a compact open subgroup K C P^'"(A/), we'll denote by 
the associated Q-scheme. 

Proposition 1.10. [loc. cit.] 3.10, 3.11, Prop. 11.10. Let Kq be a compact open subgroup of Go{Af) 
and let Fk^ be the abelian extension of Q associated to Kq by class field theory. Let K and K' be 

two compact open subgroups o/P™(A/) whose images under P™(A^) — ^ — )■ G2(A/) — '^^^ Go(A/) 
coincide with Kq. Then K xK' is a compact open .subgroup ofV.p{Kf) and we have an isomorphism 
of Q-schemes 

^2KxK' — ^2K XSpccFA'o ^2 if ' • 

These isomorphisms are compatible with the morphisms given by proposition \1.9\ (ii) . 
The diagram ()1.3.ip extends to a commutative diagram of Shimura data 
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Proposition 1.11. [loc. cit.] 3.8 b. Keep the assumptions and notations of the previous proposition. 
Then there exists a compact open subgroup L C P4"'(A/) containing l{K x K') and a commutative 
diagram 



Am y Am 

^2K ^Spccf^o ^2K' 



Spec 



. K 



4L 



2 7r™(K) ^SpccFjfQ ^2 7r™(K) 



AO 



4 7r™(L) 



whose horizontal arrows are closed imbeddings. These diagrams are compatible with the morphisms 
given by proposition \1.9\ (ii) . 



1.4 Hodge structures and discrete series L-packets 

In this section, we recall how the Hodge decomposition of the middle degree interior cohomolgy of 
the Siegel variety is related to archimedean discrete series L-packets. 

Fix an irreducible algebraic representation (p„,£'„) of G„. For every compact open subgroup 
K c G 

"■(■^z)' denote by ix^{E^i^ the real variation of mixed Q-Hodge structures on -^^^ 
associated to ([12; 2). 

Lemma 1.12. Let \{k^k' ^t) he the highest weight of E/^. Let Ky C V4,{Kf) he a compact open 



I k-\-k' A k-\'k' 

HKiEi) is direct factor of the complex Xlt''' Qi^ + k' + t)[-k - k'] in D''MHMq(A5^) 



subgroup stable under K and \^ : A^^et+fc' ^ -^4K corresponding abelian scheme. Then 



Proof. By (11.2. ip . for any smooth Q-scheme Y and any smooth morphism / : X — > F of relative 
dimension d, we have ratiji.* f^l) = i?*"'"''/*!. According to [55] Ch. 2, remark above lemma 2.6, 
the variation ^/^(T^) is isomorphic to 'H^^A4^Q(1). As a consequence ij,k{E4) is direct factor of 

(H"Ul,Q(l))®'=+'= (i), which is a direct factor of 

k+k' 

( /\ Wi-2(fe+/c')^fe+fe'Q)(^ + k' + t)~ A^t^''Q)(fc + k' + t) 

because A4^*' is an abelian scheme. Now as A4'*''^ is proper, proposition 1 1 . 71 shows that A4^'' Q is 
pure. So we have an isomorphism A4^'^ Q ~ ®i'^^A4^'' *] by the decomposition theorem [43] 
(4.5.4), and the claim is proved. □ 

Let A* {A'^^ , En) be the de Rham complex of differential forms on with values in the local 

system rat (En) and A*(^2)(^n En) be the subcomplex of square integrable forms ( 4^ 1). Let 
A*{Al,En) = lim^*(AO^,£;„) and ^*2)(A°,S„) lim^(2)(A° -E^n)- For every compact open 
subgroup Kv„ C stabilized by Kn let A* {A'^'^^^^^^,, , C) be the de Rham complex of 

complex valued differential forms on A''+^'_^^, and let A* {Al+^' , C) \imA* (A'^^'''^,, , C). 

For g e G„(A/) and any compact open subgroup L C G„(A/) such that L C gKg~^ we have a 
canonical isomorphism [g]* iJ,fc{En) — piL{En) ([SS] H.2). Hence there is an action of G„(Aj) on 
A*{AlEn), ^^2)(A0,^„) and A*{A'^''' ,C). 
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Lemma 1.13. ^lO] VII Cor. 2.7. There is a functorial Gn{Af)-equivariant commutative diagram 
of complexes 

^hMnK^ En) HomK,_(A*0„/t„, £;„ ® C(^)(G„(Q)\G„(A)) 

^, S„) HomK_ (A*s„/e„, En ® C°°(G„(Q)\G„(A)) 

whose horizontal arrows are isomorphisms. There is a functorial Gn{hf)-equivariant isomorphism 
of complexes 

^*(A^+'=',C) ~ HoniK_(A*(F®'=+'='©0„/e„),C°°(P^+'='(Q)\P^+'='(A)). 

Let SnL ■ ^ Spcc Q and SnK ■ ^ Spec Q be the structural morphisms. Theorem 11.51 

gives a commutative diagram of functors 

Sn K ! !■ SnK* 

SnK\[g\*[9\* - SnL\[g\* > S„ A' * [s] * - SnL*[9\* 

where the isomorphism of the lower left hand corner follows from the fact that [g\ is proper. As 
the diagrams for [g], [h] and [gh\ are compatible, we have an action of the group G„(A/) on the 
inductive limits of singular cohomology spaces W [A^, En) = limH*(A° ^, /iA-(£'„)) and cohomol- 
ogy with compact support H*(A^, i?„) = 1™H*(A" ^, nxiEn)) with rational coefficients, for which 
the morphism H*(A°,i?„) H*(A^,i?„) is equivariant. Denote by Hr(A^,i?„) it's image. The 
comparaison theorem between interior and L^-cohomology ( |37| Prop. 1) is a G„(Ay)-equivariant 
isomorphism 

nr (A° , En)c - H*(0„, K„oo, S„ C^) (G„(Q)\G„(A))). (1.4.1) 

We want to identify the irreducible G„(A/)-modules occuring in H*(A^,£'„)c. To this end recall 
that the discrete seires of G„(R) are (0„, K„oo)-modules occurring in the space of square integrable 
functions on G„(R)/Z„(R) (see 33 Th. 8.51 for a precise definition). 

Lemma 1.14. Let tToo he a discrete series o/G„(R). Then the following are equivalent: 

(i) the complex C* (g„, K„oo, -E-n ® i^oo) is non zero and it's differential is zero, 

(ii) the (g„, K„oo)-mo(ii{te tToo has the same central and infinitesimal characters than the dual of 

En- 

Proof. Assume (i). As the adjoint action of the center on A*0„/6„ is trivial, the non vanising 
of HomK„^(A* 9n/in,En '9 T^oo) implies that tTqc and En have opposite central characters. The 
statement on infinitesimal characters follows from [TU] § 5 Th. 5.3 (b). The fact that (ii) implies 
(i) follows from [loc. cit.] II. § 3 Prop. 3.1 (b) and II. § 5 Th. 5.3 (b). □ 

By a theorem of Harish- Chandra ([33] Th. 9.20), the set P{E4) of isomorphism classes of discrete 
series of G4(R) whose central and infinitesimal characters coincide with the ones of the dual E4 has 
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|W^4/Wk4ooI = 4 elements tt^, tt^, tt^ and tt^ . If X{k,k',t) is the highest weight of £'4, their 
minimal K4oo-types have respective highest weight 

A'(fc + 3, fc' + 3, -C4), A'(fc + 3, -k' - 1, -C4), A'(fc' + 1, -fc - 3, -a), X'{-k' - 3, -fc - 3, -C4) 

with C4 = fc + fc' + 2i. We call tt^, resp. Tf^^, the holomorphic, resp. antiholomorphic, member of 
P{E4) and tt^, tt^ the generic members . A holomorphic Siegel modular forms gives rise to an 
automorphic representation whose archiniedean component is the holomorphic member of a discrete 
series L-packet l^. 

Proposition 1.15. Let Hf a smooth irreducible Gi{A f) -module. Then 

Homc[G4(A,)](^/,Hf(A:^,S4)c) ^ 

if and only i/TTy is the non archimedean part of a cuspidal automorphic representation 0/ G4 whose 
archimedean part belongs to P{E4). 

Proof. The "if part follows from the preceding lemma and the comparaison isomorphism (|1.4.ip . 
Conversely assume H* (94, K400, ® t^oo) 7^ 0. By [53 Th. 5.6 (b) this implies that tToo is a 
cohomological induction A^{\). As £'4 has regular highest weight, [loc. cit.] Th. 5.6 (a) implies 
that q is the Lie algebra of the Borel. Hence ^q(A) is a discrete series ( 34i Th. 11.178). □ 

Lemma 1.16. Let X{k,k' ,t) be the highest weight of E4 and p4 = p4^©p4r the decomposition U.1.2\} . 
For every < p,q < 3 choose a highest weight vector Xp^q of /\^ P4 <E) /\'^ . Let v^.k' , V-k-k' , 
v^k'.k o,nd Vk\k be vectors of E4 of respective weights X{k,k',t), X{~k, ~k' ,t), X{—k',k,t) and 
A(fc', fc,t) and g^ , g^ , g^ , g^ be cuspidal factorizable forms whose non archimedean part is in a 
fixed TTf and whose archimedean part is a highest weight vector of the minimal -type of tt^, 
TT^ , 7f^ and TT^ repsectively. Then we have well defined morphisms 

{lu" : A3,o I — > v-k,-k'®9") e TlomK^^iA^ pt , E4 ® ng) ® TTf 

{lu^ : A2,i ^ v^k,k' ® 9^) e HomK4<^ (A^ pt , ^^4 <^ tt^) <^ tt/, 

(w^ : Xi,2 ^v^k',k(^g^) e RomK.^iA' pt P7 , E4 (g) TT^) (g) TTf 

(Cu" : Ao^3 I — y Vk'M^g") e HomK4^(A%r,£^4<»7rS) '^1'/. 

Proof. The list of weights of given above the lemma 11.21 shows that for < p, g < 3 the 
representation A^ pt ® A' irreducible. Then the statement follows from the fact that weight 
of Xp^q and of the corresponding vector in the list above are the same. □ 

The fiber of HK{En) at every point x — {goch'^g^,gfK) of A°^(C) is the mixed Hodge structure 
on En given by lemma [TTSl As a consequence, the variation /i/f (£„) is pure, of weight w = — c„, 
where x 1— > x'^" is the central character of p„. Let tt be a cuspidal automorphic representation of G4 
whose archimedean part belongs to P(i?4). Then by [21] it's archimedean part tt/ is defined over 
it's rationality field, a number field E{-Kf). We fix an imbedding E{-Kf) C Q and we still denote by 
TT/ the model of tt/ over E{-n}). Hence MB(7r/, £4) = HomQ [G4 (a j )]('"'/, H?(yl4, £'4)) is an object of 

MHSo^^''^\ that is pure of weight w — —C4 + 3 (proposition 1 1.7p . 
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Proposition 1.17. The Hodge decomposition of MsiTTf , E^) is 
with 

Mb(^/, i?4)3-*'-'=-'='-* = m{7rg ® TTf) HoniK,^ (A3p+, E, ® ng), 

Ms(7r/,i?4)i-'=-*'2-'='-* =m(7f^®7ry)HomK,^(pJ®A2p-,i?4®^^), 
Mb(^/, ^4)"'="'='"*''"* = m(7f^ ® TTf) HoniK^^ (A^pr, ^4 <^ ^S)- 

and for every {p,q) and every tt^q G ^(£'4) we /laue dime HoniK4oo (A^'p^ A''p4 , iJ4 (g) tToo) — 1. 
Proof. By (|1.4.ip . lemma [T. 141 and proposition 1 1 . 151 we have 

Mi3(7r/,£;4)c = m(7roo (8)7r/)HomK4^(A304/e4,£:4(g)7roo). 

Each HomK4^ (A*^g4/64, i?4 ® tToo) is one dimensional by II. § 5 Th. 5.3. Then lemma [1.161 
shows that 

HomK4„(A304/t4,£^4® TT^) = HomK4^(AV:£^4® TT^), 
HomK4„(A304/e4,£:4«)7r^) = Homx^^, (A^pJ ® P4 ' -^^4 » tt^), 
HomK4^(A304/e4,£^4®7f^) = HomK4<»(p| «)A2p-,i;4(g)7f^), 
HomK4^(A304/t4,£'4® 7f^) = HomK4„„(A3pr,£^4«)7f^), 

which proves the last statement of the proposition. Let us now compute the Hodge types. The 
morphism /14 : § — > G4K gives rise to the Hodge decomposition 

V4C ® 04/64 = 1^4^'^" © V°'-^ ® (04/64)"'^' © (04/64)''^' 

with (04/64)"^'^ = pt and (04/t4)^'"^ = PI- Furthermore (V^^^o ® (04/t4)"^'^ is the holo- 
morphic tangent space of Ti.'l'^'' at the origin (see [40] 1.7). Write 

A'^'^04/«4 - A'-p+.gA^p^, 

^r',s'yek+k' ^ A'-'(F4-^'°)®'=+'='®A^'(t/4°'-^)®'=+'=', 
n 

so that A'''''' V^''+''' = (A* Vj^+'^'y'--'' . The subspace oi A* {A'1+''' ,C) of forms of type {p,q) is 
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then 

HoniK,^ (AP-'-^'-^lf ® K'-'^QilU, C°°) 

r.s 

= HoniK,^((A*t/®'=+'=Y-f^^-« ® A'-^^fl4/e4,C°°) 

= HoniK,^ (A'''^04/e4, ^p,*V®k+k'y-r,q-s ^ ^ooy 
r.s 

Let E' = Ei{-k -k' -t) so that E' C V^^+^' c A* Then the subspace of A* {A% E') of 

forms of type (p, q) is HomK4^ (A'^'''04/t4, £;'p-''.9-^ (g) C°°). The formula [TXl gives 

A'(n,n',c) o /i4(R) : x + iy (x + 1?;)"+"'+^^^^ (x - iy)^^^^ . 

As a consequence the vector v-k-k' of the lemma [T.16l if of type {k + k' , 0). Hence the correpsonding 
differential form oj^ is of type {k + k' + 3,0). Similarly one computes that w'^, oj^ and (D^ are 
of types (fc + 2, /c' + 1), {k' + 1, fc + 2) and (0, k + k' + 3). The types for the initial representation 
E = E'{k + k' + t) are deduced from these ones by adding {—k — k' — t, —k — fc' — t). □ 

Proposition 1.18. Let r be the complex conjugation and Foo the involution on MB(7ry, E^) induced 
by the complex conjugation on Al(C). The complexified space Ms(7r/, i?4)c has a rational structure 
M(i_R,(7r/, i?4) such that the following diagram commutes 

MdR{TTf,Ei)c MaRinf,Ei)c 



MB{TTf,E4)c — > MB{TTf,E4). 

Furthermore the Hodge filtration i^*Ms(7r/, i?4)c is obtained by extensions of scalars to C from a 
rational filtration F*MdR{T^f , E^) C Mc;i?,(7r/, E^). 

Proof. See [23] Cor. 2.3.1 and above Th 2.2.7 for the compatibility with the theory of mixed Hodge 
modules. □ 

We call MdR{TTf, E4) the de Rham rational structure of Ms(7r/, i?4)c. 



2 ElSENSTEIN classes FOR GSp4 

Let Kn C G„(A/) and Kv„ C Vn{Af ) be compact open subgroups such that Kv„ is stable under 
Kn- From now on, we'll denote by AK^^yiKi Sk^, resp. EKv2yiK2 ~* Mj^-^, the Siegel modular 
variety Al^^^^^j^^ ^ AIk^^ resp. the modular curve ^2^:^2X1X2 ^2X2 (proposition (h)). We 
write A^^^^^^, resp. E^^^^^^, for the m-th fiber product Axy^yiKi ^-Sk^ ■ ■ ■ '^Sk^ ^Ky^^Ki, resp. 

E_R-V2 Xl-fS'2 ^Mk2 ■■■ ^Mk2 ^Kv2>^K2- 

In this section, we show the vanishing of the restriction to the boundary of a Gysin morphism 
associated to the imbedding of the product of two modular curves into the Siegel variety. This 
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regulator. The proof of the vanishing result relies on the computation of higher direct images of 
variations in the Baily-Borel compactification. 



2.1 Higher direct images of variations in the Baily-Borel compactification 

The boundary of the Baily-Borel compactification of a Shimura variety associated to a group G 
is stratified by Shimura varieties associated to the Levi subgroups of G. Furthermore the closure 
in the boundary of such a Shimura variety is it's own Baily-Borel compactification. The main 
result of [H] , that is stated at the end of this section, describes the restriction to a stratum of the 
higher direct image in the Baily-Borel compactification of the variation associated to an algebraic 
representation of G. 

Let {GjH) one of the pure Shimura data (02,7^2)7 (112,7^2') O'" (04,7^4) (2.2). For every maximal 
parabolic subgroup Q <Z G, there exists a normal subgroup Pi d Q underlying a mixed Shimura 
datum {Pi,Xi) ([40] 4.11), called a rational boundary component of (G, 7i). Let Wi be the unipo- 
tent radiacal of Pi and let q : Pi ^ Gi = Pi/Wi be the projection on the Levi. Denote by (Gi,7ii) 
the quotient pure Shimura datum {Pi,Xi)/Wi ([40] prop. 2.9). Consider 




(2.1.1) 



Q°^W° xi (Go X GL2) 



( 



aA 




A.M 



) 



a e Go, A e GL2, *M = M 



(2.1.2) 




(2.1.3) 



Then we have ([loc. cit.] 4.25) 
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G 


Q 


Pi 




Gi 


Wi 


G2 


B2 


Ga XI Go 




Go 


Ga 


G2 XQo G2 




= B2 XGq B2 


((G„ X Go) xg„ {Ga X Go) 




Go 


Ga®Ga 




Q" 


= G2 XQj, B2 


G2 Xg„ {Ga X Go) 


Gm 


G2 


Ga 




Q" 


= B2 X Go G2 


{Ga X Go) XGo G2 


Gm 


G2 


Ga 


G4 




StabG, (6^,61) 


M^" X Go 


GL2 


Go 








= StabG,(6|) 


X G2 




G2 





(2.1.4) 



The parabolic (|2.1.2p is called the Siegel parabolic. The correspondence between maximal 
parabolics and the simple roots ([T^ § 23.2) shows that dimTy° = dimVl^^ = 3. 
Let Ti.* = IJ(Pj^ ATi)^!' the sum running over all rational boundary components of (G, 7i). We 
endow H* with the Satake topology ([3D] 6.2). Let K C G(A/) be a compact open subgroup and 
let M(G,H)^(C) = G{Q)\H* x G{Kf)/K. Then M(G,H)|f(C) is the analytification of a normal 
projective Q-scheme M{G,'H)*ii (Poc cit.] 8.2). Let M{G,'H)k be the Shimura variety of level K 
(proposition [TT9] (i)). There is an open imbedding M(G, 7i)/f (C) M(G,7i)^(C) which descends 
to an open imbedding 

j:M(G,W)K^M(G,H);^. 
For every g e G(A/) let Ki gKg^^ n Pi{Af) and 

M(Gi,7^i),(,^,)(C) = Gi(Q)\7ii X Gi{Af)/q{Ki). 

By [loc. cit.] 12.3 (b), the map M(Gi,7^i),(Ki)(C) M(G,7^)|^(C) descends to 

H:M{Gi,ni)g^K,)~*M{G,HrK. 

Furthermore, varying {Gi,Hi) and g, we obtain a stratification of M{G,H)*j^ by locally closed 
subschemes ([12] 1). 

Now let E be an algebraic representation of G. As Gi acts on Wi and on E, it acts on the 
cohomology H* {Wi, E)-b.. So the latter is endowed with a mixed M-Hodge structure flemma \1.8\i . 
We denote by fi the canonical construction of variations on a Shimura variety, associated to algebraic 
representations of it's underlying group (see |jJJ 2). 
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Theorem 2.1. [loc. cit.] Th. 2.6, 2.9. We have an isomophism 

in Z?''MHMR(M(Gi,7ii)g(Xi)/lI^)- -^6^ c be the codimension of the immersion ii. There exists an 
arithmetic subgroup He C Q/Pi{Q) such that 

p+q—n+c 

in MHMr(M(Gi, 7ii)g(;fj)/M). There is an isomorphism of local systems over M{Gi,Ti.i)q(^Xi) 
rat GrYn^il3.m{E) = rat W{Hc, Grf H«(W^i, i?)). 

p+q=n+c 

The functor /i will often be suppressed from the notation. 

The following result of Kostant, together with the last statement of the above theorem, will allow 
us to compute the weights of W^ilj*fJ,K{E). Let q — LieQ with Levi decomposition q = ui © [. 
Let f) be the diagonal Cartan subalgebra of g, let A+(0, t)) be the set of positive roots with respect 
to the standard Borel, let A(ui, f)) C A+(g, f]) be the roots of Ui, let p be the half sum of positive 
roots and let W{q, f)) be the Weyl group. For w £ W{q, f)) consider 

A+{w) - {ae A+(0,t))|u;-ia^ A+(0,[3)}, 
l{w) = |A+(u))|, 
W' = {w e VF| A+H c A(ui,f))}. 

We also denote by the irreducible representation of I of highest weight /i. 

Theorem 2.2. Th. 3.2.3 Let E\ be the irreducible representation of q of highest weight A. 

Then 

ff(ui,£'A)= F^^(^x+p)-p- 
{wew I i(w)=i} 

2.2 Computations of higher direct images 

In this section, we rely on the previous theorems to carry out some explicit computations. We 

use freely the notations of theorems 12.11 and 12.21 The reader should consult (|2.1.4p to follow the 

computations. The field of coefficients of mixed Hodge modules is the field M. 

Let K C G2(Aj) be a compact open subgroup. We simply denote by M the modular curve M^- 

Let 

M — ^ M* dM 

be the Baily-Borel compactification of M with the complementary reduced closed imbedding of the 
boundary. 
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Lemma 2.3. Let k > and t he two integers. In the category MHM(9M/R) we have the identities 

n-^t'*f:Sym''V2{t) = l{k + t), 

n°i"*f:Sym^V2{t) = l(t-l), 

n"'i"*j'JSym''V2{t) = for m > 0. 

Proof. This is the case G — G2- The group He is a neat arithmetic subgroup of G„i(Q), hence is 
trivial. Theorem 12.11 yields 

H™*"*j:'SymV2(t) = MH™+i(izeGa,Sym^-V2W) 

for every integer m. As Lie Ga is of dimension one, we have 7i'"i"*j"Sym'^V2(f) = for m > 0. Let 
us compute the action of Go (PXT|) over W^+'^{Lie Ga, Sym''V2(i)) for m = -1, 0. Look at Sym''y2 
as the space of homogeneous polynomials of degree k in X and Y. Then H°(LieGa, Sym'^V2(t)) is 
{X'')(t), which is of weight k + t. The Lie algebra LieGa is of weig ht A(-2, for the adjoint 
action of the maximal torus T2. Hence the choice of a generator u of Lie Ga induces an isomorphism 
Hi(LieGQ, Sym''V2(t)) = A(-2, 1) (g) which is of weight t - 1. The statement now follows 

from lemma [LSI and the definition of /i. □ 

Let K' C G2(Aj) be another compact open subgroup and let M', M'* and dM' be the modular 
curve Mif', it's compactification and it's boundary. The compact open subgroup detK' of Go(A/) is 
assumed to coincide with det K and is denoted by Kq . Let M x M' be the fiber product M x gpoc Fa-,, M' 
(proposition 11.10] ) and let 

M X M' — ^ (M X M')* -(-^ a(M X M') 

be the Baily-Borel compactification of M x M' with the complementary reduced closed imbedding 
of the boundary. Denote by ^(M x M')i the stratum of dimension i of 5(M x M'). Then d{M x M')o 
is dM X DM' and d{M x M')i is 9M x M' U M x ^M'. As a consequence we have 

D''MHM(a(M X M')i/M) = D^MHM((9M x M'/R) ® D^MHM(M x ^M'/M) 

in an obvious sense and in a compatible way with Grothendieck's functors. We have an open 
imbedding and the complementary reduced closed imbedding 

■/ -/ 
5(M X M')i 9(M X M') a(M x M')o- 

Lemma 2.4. Fix integers k,k' >0 and t. Then in MHM(9(M x M')i/R) we have the identities 

n-\[*i*f,{Sym''V2 H Sym'^V2)(t) = Sym'=V2(fe + 2t) ® SymV2(fc' + 2t), 

H°i[*i'*£{Sym''V2 ^ Sym''' V2) (t) = Sym'=V2(2i - 1) ® Sym'=y2(2t - 1), 

n'''i[*i'*£{Sym''V2 H Sym*'V2)(i) = for m > 0. 
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Proof. This is the case G = and d = G2. Write S = (Sym'^ya ^ Syn/V2)(2i). As in the proof 
of the preceding lemma, it follows from theorem 12.11 on dM x M' and the Kiinneth formula for Lie 
algebra cohomology ([TU] I § 1) that 

n-^H*i*j:{Sym''V2MSym'''V2m = AiH°(Lic Ga, Sym'^Fa W) <^ mH°(0, Sym^^Vz^) 

= l(fc + t)®Sym'=V2(t) 
= Sym'^V2(fc + 2t), 

similarly n°i'*i'*jl{Sym''V2 K Sym''V2)(<) = Sym''' V2(2t - 1). Futhcr more, for dimension reasons 
TC^i^i * i'^S = for m > 0. The result on the stratum M x 9M' is obtained by exchanging k and 
k'. □ 

Let L be a compact open subgroup of G4(A/). Denote by S the Siegel threefold Sl and by 

S — ^ S* dS 

it's Baily-Borel compactification. Let dSi be the stratum of dimension i of 9S. We have an open 
imbedding and the complementary closed reduced imbedding 

5Si as 9So. 

Lemma 2.5. Let E he the irreducible representation 0/G4 of highest weight A = X{k,k',t). If t < 3 
then the mixed Hodge modules T-L^i*Qi* j^fE and 7i^jgi*j*i? on dSo have weights > 0. 

Proof This is the case G = G4 and Gi = Gq. Let f) = LieT4 and let q° = LieQ" = u° © [° 
with u" LieW° and 1° = Lie (Go x GL2) (see I2.1.2p . Note that as W° is abelian the set 
A(u°, t)) contains two long roots, hence A(u", i)) — {p2, pi + /O2, 2pi + p2}. With the notations of 
theorem 12.21 we have W = {wq = Id, wi — S2pi+p2,W2 — Spi ° S2pi+p2,W3 = Sp^} with l{wi) = i. 
We have W2{X + p) - p = \{k' - 1,-fc - 3,t) and u;3(A + p) - p = A(-fc' - 3,-fc - i,t). The 
irreducible representation of of highest weight /i is the tensor product of the representation of 
LieGo of highest weight /i|LicGo ^-i^^ of ^ representation of LieG\^2- One sees from (12.1. 2p that the 
restriction of X{k,k',t) to Go C x (Go x GL2) is x 1 — > x^^^ +*. Hence theorem 12.21 shows that 
a; G Go acts on H^(u*', i?) by multiplication by x^'^^^^ +4-t) ^j^j q-^ jJ'^^uO^ |-,y multiplication by 
^-{k+k' +&-t) ^ So lemma [TT51 implies that H^(u°,i?) and H^(u",M^) have weights >. The group 
Hq is an arithmetic subgroup of Pi(Q) = GL2(Q), hence it acts properly and discontinuously on 
7^2 ('12' Lem. 1.2). In particular stabilizers of points in are finite. By our running neatness 
assumption He is torsionfree, hence the space 7^2 is a universal cover of 7^2 /-^c- Furthermore He 
is commensurable to SL2(Z) and the space 7i2/SL2(Z) is known to be not compact. Hence 7^2 /-ffc 
is not compact. This implies that He has cohomological dimension 1. As has dimension 3 one 
has H'"(u°, E') = for TO > 3, and theorem 12.11 yields 

H\i*j..E) = pR%Hc,RHy^",m®^ill\Hc,llH^^m, 
nhli*j,E) = ^Hi(7Jc,H3(u°,ii;)) 



The conclusion now follows from the last statemement of theorem 12.11 



□ 
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Lemma 2.6. Let E be the irreducible representation of G4 of highest weight A — X{k,k',t). Then 
in MHM(9Si/R) we have the identities 

n-'^i\i*j^E ^n^ili*i^E = Sym'^VaCi), 
n^hli*j^E = n"ili*j^E = Sym'=+V2(0, 

T-n\i*j.,E = 0/orm>l. 

Proof. Let qi = LieQ^ ^v}®l^ with = LieW^ and = Lie (G2 x G„) fsee l^X^ . We have 
= +P2,2pi +P2} and P^' = {wq = Id, Wi = Spi+p2,W2 = Sp^ o Spi+p,,'i«3 = SpJ 

with /(wi) = j. Furthermore 

wi{\ + p)-p = A(fc' - 1,A; + l,t), 
w'2(A + /5)-/3 = A(-fc' - 3, fc+ 
W3(A + /9)-/9 = A(-fc - 4,/c',i). 

As the restriction of the character X{k,k',t) to the maximal torus T2 of G2 C x (G2 x Gm) 
is A(fc',i), theorem O shows HO(ui,£;) ~ H3(ui,£;) ~ Sym'=V2(t) and Hi(ui,£:) ~ H2(ui,S) ~ 
Sym'°^^V2(t). As has dimension 3, the cohomology W^(u^,E) vanishes for m > 3. The group 
He is a neat arithmetic subgroup of G,„(Q), hence is trivial. So theorem 12. II yields 

Wili*j.,E = /iH«+2(u\£;). 

□ 



2.3 Interior cohomology and boundary cohomology 

Let E be the irreducible representation of G4 of regular highest weight X{k,k',t). We show that 
when t < 3, the kernel of the restriction to the boundary in absolute Hodge cohomology H^(S, E) — > 
H^(9S, is the space of 1-extensions ExtJ^jjg+ (1, Hf (S, i?)). We rely on the computations of 

section 3.2 and on a theorem of Saper, valid for any Shimura variety, that we apply for the symplectic 
groups G„. For the statement fix ii' C G„(A/) a compact open subgroup and denote again by A" ^ 
the Shimura variety of level K, a Q-scheme of dimension dn = n{n + 2)/8. 

Theorem 2.7. I44h 14 Th. 5. Let V be an representation of G„ of regular highest weight. Then 
the singular cohomology W{A'^^j^,fiKiV)) vanishes for i < d„. 

Note that by Poincare duality, this implies the vanishing of the cohomology with compact supports 
W^{A'^j^,V) for i > dn. Let us now come back to the notations of the previous section 3.2. In 
the following, we will repeatedly use the fact that the variation associated to the representation 
Sym*^ V2{t) is pure of weight —k — 2t (see the remark following lemma IT. 161 ) 

Lemma 2.8. Ift<3 then 

Hom^Hg+(l,H4(S,i?)) = Hom^HS,t(l'H'(5S,rj;£;)) = Rom^^s^{l,R\dS,i*,f,E)) = 0. 
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Proof. By the remark following theorem 12.71 we have H|i(S, E) — H^(S, E) — 0. Hence we have an 
isomorphism H''(S,i?) ~ H^(9S, The exact triangle 

ivili*j^E > i*j^E > ioJ^i*j^E ^ > 

gives rise to the exact sequence H^(9Si, iii*j*£') >'iP{dS,i*j^,E) > H^(9So, io**J*^)- 

OSq has dimension 0, theorem [2H shows that }i^{dSo,ioi*j*E) = }i'•\^So,T^^iQi*j^.E), which has 
no weight zero according to lemma [^751 Theorem 12.11 and lemma I^TBl show that fl'^{dSi,ili*j^E) 
is the direct sum of cohomology with compact supports of variations of negative weight. Then 
proposition II . 71 implies that H^((JSi, has negative weight. As a consequence 

Homj^HS+(l'H*(S,^)) = Homj^HS+(l'H2(^S,rj;i?)) - 0. 

One shows in the same way that Homjy[jjg+ (1, H^(9S, i*j^,E)) = 0. □ 

Proposition 2.9. Ift< 3. Then we have an exact sequence 

> Ext;^Hs+ (1' H?(s, E)) ^ h4 (s, £;) > (as, r j,£;). 

Proof. By the remark following theorem 12. 7i we have H^(S,i?) = 0. Hence there is an exact 
sequence 

^Hf(S,£;) >R^{S,E) >R^{dS,i*j,E) ^0 . 

Applying the functor X i— > Homjyjjjg+ (1, X) and using the last equality of the previous lemma we 
get an exact sequence 

>Ext^(l,Hf(S,£:)) >Ext^(l,H3(S,£;)) > Ext\l,R\dS, i*j,E)) . 

By the first two equalities of lemma 12.81 and the exact sequence (|1.2.3p we have 

Ext\l,R^S,E)) = Rt{S,E), 
Ext^{l,ll\dS,i*j,E)) = Ill{dS,i*j,E)). 

□ 

2.4 The vanishing on the boundary 

Assume now that the compact open subgroup L of G4(A^) is given by the proposition II . Ill so that 
we have a closed immersion of codimension one t : M x M' ^ S. By functoriality of the Baily-Borel 
compactification |40| 4.16 and 12.3 (b), we have commutative diagrams with cartesian squares 

M X M' — ^ (M X M')* ^^9(M X M') (2.4.1) 

t p q 

S > S* < 9S, 
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d{M X M')o d{M X M') d{M x M')i 

90 9 91 

dSo > OS < 9Si. 



(2.4.2) 



Let F be the irreducible representation (Sym'^V2 KlSym*^ V2)(t— 1). We denote again by E the irre- 
ducible representation of G4 of highest weight A(fc, k' , t) but we drop the assumption that A(fc. fc', t) 
is regular. 

Lemma 2.10. In D^ymM{S* /R) we have a commutative diagram 

P*j'*t^{F) > i*q*i *3'*KF) ^ i*ii*qi*i{i *j'^n{F) 



j*/i(£')[l] )■ i*i*j;/i(£')[l] > i.^ii.^ili*j^^JL{E)[\]. 



Proof. Recall the fixed imbedding t : 112 ^ G4 As S and M x M' are smooth, purely of 

dimension 3 and 2 respectively, we have D((,*/z(£^)(3)) = l ^j.{E) and D(/x(F)(2)) = fJ-iF) respec- 
tively ([43j 2.6). In the category of representations of 112 there is a projection l*E{3) F{2) 
in . Applying ^ we get t*^(i?)(3) — > fi{F){2) ([55] n.2), so by ()1.2.ip . we obtain a morphism 
iXi?)(3)[-l] -> niF){2) in L>''MHM(M x M'/M). Applying © we get ^(F) ^ t'M(^)[l], then 
by adjuncition i\ii{F) fi{E)[l]. Because l is proper we have t\ = so we have a morphism 
1 : L^.fj,{F) fj,{E)[l]. By functoriality and the proper base change theorem [43] 4.4.3 we have 
: i*i*p*j'^,^i{F) = i^,q^,i'* jl^{F) i.^,i*j^fl{E)[l]. In the same way we have the mor- 
phism : i*ii*qi*iii * jifi{F) i^,ii^,ili*j^,^{E)[l]. Then the sought for diagram is 

From now on, we suppress the functor /i from the notation. 
Corollary 2.11. We have a commutative diagram 

H2(M X M,^^) >Hi(a(M X M),i'*j:F) >Hi(9(M x M)^,i{i* ]',F) 

H4(S,i?) >Rl{dS,i*j.E) >nl{dS,,i\i*j.E). 

Proof. This follows by applying the functor X ^ IIomD6MHMi(sj^ /R)('S*1,^) to the diagram of 
lemma [!j.lO[ where s : SJ^^ — > SpecQ is the structural morphism. □ 

We are going to show that the diagonal of the left hand square of the above diagram is the zero 
map, under some assumptions on the weight of E. 

Lemma 2.12. Let H C G2(Aj) be a compact open subgroup and M/f be the modular curve of level 
H. If the real mixed Hodge structure II^(M//, Sym'^V2(i)) has weight zero then either t = 1 or 
2< = 1 - fc. 



28 



Proof. We have an exact sequence of real mixed Hodge structures 

> H^(M, SymVaCO) > Hi(M, Sym'^yaW) ^ ll°{dM,i"*j'JSym''V2{t)) . 

As dM is of dimension zero, theorem 12. II and lemma [^31 show 

R°{dM,i"*j':Sym''V2{t)) = H0(9M, 7^°^"* j:'Sym^l/2(0) - - !)■ 
The assertion now follows from the fact that Hj'^(M, Sym'^V2(i)) is pure of weight 1 — k — 2t. □ 
Lemma 2.13. (i) Ift < 3 then UKdSo, ili*j^E) = 0. 
(ii) // in the highest weight X(k, k',t) of E we have k' > 0, then 

Proof (i) As dSo is of dimension zero, theroremO yields W{dSo,ioi*j*E) ^ ll°{dSa,'HPi*oi* j*E). 
As a consequence H°(9So, 'W*'io**J*^) ^'^d H*'(9So, Ti^io** have positive weights by lemma 
12.51 Hence the extremal terms in the exact sequence (|1.2.3p for Hjj(9So, ?o^*J*-^) ^ire zero, so 
}l}^{dSo,ili*j*E) = 0. (ii) By theorem [271] and lemma [2?6l we have 

1 

lll{^Su^l^*J*E) = R'+p {dS^,nPtli* j.E). 

p=~2 

By assumption all the TiPi^i* j^,E are variations associated to a representation of regular highest 
weight, hence have no cohomology in degree zero by theorem 12.71 Furthermore, as 9Si is a non 
proper curve, singular cohomology of local systems vanishes in degrees > 2. Then the exact sequence 
([LOI shows 

Rl{dSi,n-^i\i*j.,E) ^ 0, 

nlidS^.n-^ili'j^E) - HomMHs+(l,Hi(aSi,Sym'=+V2W)), 
'Rl{dSi,n^i\i*j^E) ^ 0. 

To conclude, note that Homj^jjg+ (1, Hi(9Si, Sym''+V2(t))) = by IcmmalHl □ 

Lemma 2.14. The right hand morphism qi of the diagram \2.4--2^ is Stale. 

Proof As 5(M X M' ) 1 = aM X M' UM X dM' , it is sufficient to consider the restriction of qi to dMxM' . 
According to (|2.1.4p . the corresponding boundary component is a mixed Shimura datum associated 
to P^ = (Gq X Go) Xgo G2- Let Pf = W^^ x G2 C G4 be the group in the last line of (|2.1.4p . Denote 
by : Pi G2 the projection on the Levi. The description of the Baily-Borel compactification 
given in subsection 3.1 shows that 9M x M' is a sum of the modular curves M^2(g(;^x A:')g-inpf (A/)) 
for g G H2(A/) and that Si is the sum of the M^4(g^g-ipp4(^^)) for g £ P^(A/). By proposition 
11.111 l{K X K') C L. The restriction of qi to a Mg2(g(xxK')g-^nPf{Af)) is then the projection 
corresponding to the inclusion q'^{g{K x K')g^^ n Pl{kf)) C q'^{i{g)Lb{g)^^ n Pj*(A/)), which is 
etale (gD] 3.6). □ 
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Lemma 2.15. If k — k' ^ 2t — S then the vertical right hand arrow of the diagram of corollarv \2.11\ 
is the zero map. 

Proof. By lemma [2?T3] (ii) it is enough to show that HomDi,MHMK(aSi/R) ('?i**r*'*il-^, 

vanishes. Theorem 12.11 and lemma [lUgive qi*ii*i'*jiF = qi^n-^i'{i *jiF[l] © qi^Ti-^i^i * j'^F 

with 

n-h'*i*£F = Sym'=V2(fc + 2t)®SymV2(fc' + 20, 
n°i[*i'*jiF = Sym''V2(2t-l)®Sym''F2(2t-l). 

As gi is proper and etale we have 

HoniD6(MHM(aSi/R))('7l*^"^«'r*'*i*-P'[l],^°«l**J*^^) 

= HomD6(MHM(aSi/R))('7l'^"^*l*«'*J*-P':^°«t**J*^[~l]) 

= HomD6(MHM(a(MxM)i/R))(^"^i'i**'*J*-F,giH"i|i*j;i;[-l]) 

= HomD6(MHM(a(MxM)i)/R)(^~^i'l**'*J*-F',9^^"«t**i*^^[-l]) 

= HomD.(MHM(a(MxM)i)/R)(Syni''''V2(fc + 2) ® Sym'=V2(fc' + 2), g* Sym'=+iV2(3)[-l]) 
= HomDi,(MHM(a(MxM)i)/R)(Sym'' V2(fc + 2t) ® Sym''V2(fc' + 2t), Sym''+V2(t)[-1]). 

= HomD.(MHM(a(MxM)i)/R)(l' Sym^^'+i V2 (i) [Sym'='V2(fc + 2t) Sym'=V2(fc' + 2t)]^[-l]) 

where in the last equality, which follows from |42j Lem. 2.6, we denote by the superscript ^ the 
dual variation. The last term of the sequence of equalities above is the absolute Hodge cohomology 
space in degree —1 with coefficients in a variation. The exact sequence (|1.2.3p shows that it is zero. 
On the other hand 



HomDb(MHM(aSi/R))(9l*^°*'l*«'*i*^.W°*t«*i*-E^) 

= HomD<.(MHM(a(MxM)i))(Syni'='V2(2t- 1) ffl Sym'=V2(2t- 1), Sym'^+iVsW)- 

The variation on the source has weights —k' — At + 2 and — fc — 4t + 2 and the variation on the target 
has weights — fc — 1 — 2<. Our assumption is that the weights on the source and on the target are 
different, hence HomD6(MHM(aSi/R))(9i*'^°«'i*«'*j*-P, =0. □ 

Proposition 2.16. Ifte {2,3} and k — k' ^ 2t — 3 then the diagonal morphism of the left hand 
square in the diagram of corollary \2.11\ is the zero map. 
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Proof. The lower line of the commutative diagram (|2.4.2p gives rise to a commutative diagram of 
exact triangles 

i^E s- i*j^E > iQ^iQi*j^E — > 



iv.iii*j*E > ji,E > io*iQii*i'ii* j*E > 

in D''MHM(9S*/]R) (see [7^ 1.4.7.1). Hence we have a commutative diagram with exact lines 



^Ui{dS,i*j,E) 



^Ul{dSo,i*oi*j.E) 



}iUdSa,i*oii*^*ii*j*E) > ElidS, iin\V^i.E) > (aSi, z^*j;£;) > (5So, ilh.ili* j.E). 



According to the lemma 12.131 (i) , the upper right hand corner is zero and according to lemma 
[2J5l the composite map H2(M x M', F) — ^ (98, j*£;) >Y^l{dSi,ili* j^E) in the dia- 
gram of corollary [231] is zero. Hence 6 factors through H° (9So, >'R\{dS,i* j*E) . 



Let us show that the source of this morphism is zero. By theorem 12.11 and lemma 12.61 on has 
}ll{dSo,ilii^ili*j^E) = ®l^_2^l^^{dSo,ilii^Wi\i* j^E). Let ji : dSi dSl be the Baily-Borel 
compactification and li : ddSi dS^ be the complementary reduced closed immersion. By [40] 
7.6 there is a commutative diagram with cartesian squares 



where r is an etale cover. Functoriality and proper base change give 

Then using first theorem 12. II and lemma [2?3l and second that ddSi has dimension zero we get 

1 

Rl{dSo,t*oti.tli*J.E) = H°-«-^'(a9Si,r:H«i*ji,H%z*j;i?) 

q=-lq=-2 

= nl{ddSi,n-hljuHHlt*3,E)®E°{ddSi,H°Llji,H°tlt*j,E). 

By lemmas [M] and [23] we get n~hlji^n^ili* j^E = l{k' + t) and iljiM^Hli* j^E = l(t - 1). 
By assumption these variations have no weight zero. So the exact sequence (|1.2.3p shows that 
H° (9So, ioii*ii«*j*£^) = and the proof is complete. □ 



2.5 The Eisenstein classes 



From now on, when we write a cohomology space of a Shimura variety without mentionning the 
level, we mean the inductive limit of the cohomology spaces of the corresponding finite level Shimura 



Higher regulators, periods and special values. 



31 



varieties. Such a space is endowed with the action of the A^-valued points of the group underlying 
the Shimura variety, which is induced by right multiphcation on the complex points (see section 
II. 4p . For example H^(E'",Q(s)) denotes the inductive limit limH^ (E^^^^^, Q(s)) indexed by 
compact open subgroups Ky K <Z'P\{Kf), endowed with the action of P2(Ay). 
Let m > be an integer. Denote by T2(IR.)^ the neutral component of T2(K) and consider the 
G2(A/)-module Bm = © indg^^^^jry/, where the sum runs over all algebraic Hecke characters 
Voo ®rif : T2(Q)\T2(A) of type \{-m - 2,-1). We denote B^, C Bm the sub G2(A/)- 

module of Q- valued functions. The Eisenstein symbol [5] § 3 and 4.3 (see also j32], [47]) is a 
G2(A/)-equivariant morphism 



Eis" : Bt 



-4H 



M 



^(E™,Q(to + 1)). 



(2.5.1) 



Fix two integers fc > fc' > 0. Let Ky x K and Ky' x K' be compact open subgroups of P2(A/) such 
that det K — det K' = Kq and let i be a compact open subgroup of Gi{Af) given by proposition 
11.111 There is a commutative diagram 



E' 



k+k' 



k+k' 



Mk xfj,„ Mk' 



. \k+k' 



whose horizontal arrows are closed imbeddings of codimension one. Denote by 



k+k'+2f-pk+k' 



M iK7>^K ^F^„ ^'K%K'M{k + k' + 2)) ^ HiC[^-'+4(A^+f^^^,),^,Q(fc + k' + 3)) 



the Gysin morphism associated to i' ([5T] § 5 (3.5.4)). The projections p : P2~^'' —> and 



p' : P2''''^ P2 on the k first and k' last factors respectively obviously extend to morphisms of 



mixed Shimura data which yield a projective system of projections p : E^'^^^ ^Kvxik ^^"^ 
p' : E^^^^ ^K^/xiK'^ indexed by compact open subgroups of P2(A/). Denoting by U the 
external cup-product, we get on the inductive limit 



Eis'^'^' = 4(p*Eis'= Up'*Eis''') : 6° (E) B^, > H^'^'+4(A*^+'=' 

We call the Eis*^*^ (0/ (g) 0'y) the Eisenstein classes. 

Theorem 2.17. Let £^^^' he the sub Gi{Kf)-module 0/ H^'''+''(A'=+'=' 

:^:„kk' 



+ fc' + 3)). 



(2.5.2) 



fc' + 3)) generated by 



the image of Eis . If k > k' > and k ^ k' + 3 then the regulator 

+ fc' + 3)) > H|;+^-'+4(A'=+^' , R(fc + fc' + 3))q 

maps to Ext^^Hg^ (1, Hf (S, M^"'))q. 



r,:H5C^'='+4(A'=+^-' 
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Proof. Let : H^+^E™, Q(m + 1)) ^ R^'+'^iW ,R{m + 1))q be the regulator in absolute Hodge 
cohomology. By construction r o Eis™ factors through Hjj(M, Sym™V2(l))Q (see [5] 3.1). Then by 
functoriality of r, the composite map r o Eis*^ factors through 

Hi(M,Sym^l-2(l))Q® Hi(M',Sym'=V2(l))Q -^HUM x M', (Sym'=y2 K Sym'=V2)(2))Q 

Ht(S,iy"')Q 

where the first map is the external cup-product and the second is the left hand vertical map 
appearing in the diagram of corollary 12.111 By propositions 12.91 and 12.161 the second map factors 
through Ext^jjg+(l,Hf(S,M/^^'))Q. □ 

Notation. For » c/j'^ €81® B°, we write Eis5;''''(0/ (g) cjy'f) = {r,, o Eis'^^'"' )(</)/ ® (j)'f). 

3 Connection with the special value 

Let TT = TToo (8" TTy be an irreducible cuspidal automorphic representation of G4, whose archimedean 

component tToo is in the discrete series L-packet P{W^^'). Let MbItt/, W^*^*^') e MHSq^^''^^ the 
associated Q-Hodge structure with infinite Frobenius and coefficients in E{Tif ). It is pure, of weight 
— fc — /c' — 3. We also have the de Rham rational structure Mdni-K f ,W^^' ) C MB(7r/, W^^')c- 

3.1 Deligne's rational structure 

For M e MHSji^, we denote by Af + <Z M d Mc, resp. C Mc, the subspaces of vectors that are 
invariant under the de Rham involution. 

Lemma 3.1. Let M e MHSji^ of weight w < 0. There is an exact sequence of R-vector spaces 

> FHUb. > M(-l)+ > Ext^^HsJ (1' > 0. 

Proof. Real and imaginary part induce an isomorphism of M- vector spaces Mc = M®M(— 1) stable 
under the de Rham involution. The projection Im : Mc M(— 1) is given by w 1— > \{v — v). As 
complex conjugation exchanges M'P''' and M''^, for p ^ q we have Ker/m fl M^'"^ — 0. Then it 
follows from the fact that M has negative weight that 

(Ker/m) n F"Mc = (Ker/m) n A/^'^'' = (Ker/m) n M^'^ = 0. 

p>0,p+Q— p>0,2p—'w 

Together with F^MdR. C M+ this shows that F^KUr. C M(-1)+. The hypothesis on the weight 
implies W^M — M . As a consequence (|1.2.4p yields 

Exfi g+ (1, M) = M+/{M + /^°Mc)+ = M(-l)+//^°Mdfl. 



□ 
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Corollary 3.2. (i) There is an exact sequence of R(>^ E{Trf) -modules of finite rank 
F"MM^f, W^"')r > MB(7r/, M/"')r(-1)+ > Extl^^+{l,MB{TTf, W'^'^')m) — > 0. 

(ii) We have Extl^^+ih MB(7r/, W^"')r) C HomQ[G,(A,)] (^/, Ext^^gHj (1' Hf(S, W^'^ 

Proof, (i) follows immediately from the preceding lemma, (ii) As filtering inductive limits are exact, 
the preceding lemma gives an exact sequence of R- vector spaces 

> F°H3^,(S, M/"')k > Hf(S, > ^Kmt (1' (S, W'^'^')u) > o. 

The statement follows by applying the functor X HomQ[Q^(A^.)] (tt^, X). □ 

Lemma 3.3. (i) Let MBinf^W'^'^')^""^'^^ C MB{TTf,W'^'^')c be the subspace where the involution 
foo induced by the complex conjugation on S(C) acts by ±1. We have 

rkc®B(.,) M(7r/, iy"-')^-=±i = ming ® TTf) + m(^^ ® tt/). 

(ii) We have 

rkR^B(,^.) Ms(7r/,T4/"')(-l)+ = TO(7r^ ® tt/) + m(^^ ® tt/), 
rkM^BC^,) ExtJ^gH+(l, Mb(^/,M^"')r) = m(7r^®7r/). 

Proo/. (i) By proposition [HZl the Hodge decomposition is Mbc = M"-™ ® MP'? ® W-p ® M™'° 
with > p > g > w. Furthermore we have rkc0E(7rj) M^'™ = ^^C0E{Trf ) M™'° = m(7r^ ® tt/) and 
rkc®is(,r^) MP'? = rkcoB(^^) M^'P = TO(7r^ (g) tt/). Let (ef ) and (ef ) be basis of MO'"' and Mp^i. 
Then the statement follows from the fact that (l/2(ef ± F^ef ), l/2(ej^ ± F^e^)) is a basis of 
M^'^==^\ (ii) The first equahty follows from F"Mrffl(7r/, iy'='=')c = M"-™ and the second form the 
fact that the complexification of Mbr(— 1)+ is one of the M^°°~*^. Then the exact sequence of 
corollarv l3.2l (i) gives the last equality. □ 

Denote by F"MdR{TTf,W''''')l the dual of i^°Mdi?(7r/, W''='=')r. Then the exact sequence of 
£'(7r/)-modules of corollary [321 (i) induces an isomorphism between the highest exterior powers 

det Ext;^jjg+ (1 , Mb (^/ , M^"-' )r) ^ det F'^MdR (tt/ , M^"' )^ ® det Ms (^/ , W^"' ) (- 1 )+ 

Definition 3.4. {W\ Conj. 4.6 (c), _38j 2) (i) Bcilinson's £'(7r/)-structure is 

B{TTf, W''''') = detF°MdR{TTf, w'''''^ (g) detMB(7r/, W^'='=')(-l)+. 

(ii) Let S{'Kf) £ {C(>^ E{t: f))^ be the determinant of the comparaison isomorphism between singular 
and de Rham cohomology MBiir f ^W''''' )c Mrffl(7rj, 14^*^ )c computed in basis defined over 
E{TTf) on both sides. Then Deligne's £;(7r/)-structure is V{TTf,W''''') = S{TTf)-'^B(TTf,W'''''). 
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Hypothesis 1. From now on, we assume that the automorphic representation tt is stable and of 
multiphcity one, which means that 

Mt^" ® TT/) = m(7r^ ® TT/) = m(7fj^ tt/) = m(7f^ ® tt/) = 1. 

We compute S{TTf) thanks to the following result of Weissauer: fix a prime number I and denote 
by Hf (S (8) Q, Wj^'^ ) the Z-adic interior cohomology. There is a continuous action of Gal((Q)/Q) on 
the Qi (8£;(7r/)-module Mi{nf,W''''')= HomQ[G4(A^)] (tt/, Hf(S «) Q, W,*^ '=')), which is of rank four 
by the hypothesis on tt, proposition II . 1 7l and the comparaison isomorphism between singular and 
etale cohomology. For every prime A of E{nf) over /, denote by E{nf)\ the A-adic completion of 
E{Trf) and Mi(7r/, W'''^ )x the associated GL4(£'(7r/)A)-valued Galois representation. The following 
reflects the fact that G4 is it's own Langlands dual group. 

Theorem 3.5. ({5^ Th. IV) Choose a compatible system of primitive l-th roots of unity in Q and 
denote by /i/ : Gal(Q/Q) — > Tif the l-adic cyclotomic character. Let lu^^ be the finite order part of 
the central character of-Kf and let X be a prime of E{'Kf) above I. Then the four dimensional Galois 
representation yii{-K f ,W^^ )x has values in Ga,{E{t: f)x) and for every g e Gal(Q/Q) we have 

Let N be the conductor of w"^ and see ui^^ as a Dirichlet character (Z/N)^ . We denote by 

e(cj°^) the associated Gauss sum e(w"^) = Y,ne(z/N)x '^"/C") ® e^^. 

Corollary 3.6. With the notation of definition \3.4\ (ii) we have 5{'Kf) = e(w5J^)^. 

Proof. As the determinant of a matrix of G4 is the square of it's similitude factor, theorem 13.51 
shows that dciMi{-Kf,W^^') = M;(w$}^)-2(_2w). Then the conclusion follows from [15] Th. 5.6, 
(5.1.9) and Prop. 6.5. □ 

Let us finally give an explicit description of Beilinson's i?(7r/)-structure. Ghose a basis (a, b) of the 
i;(7r/)-vector space Ms(7r/, VF'='=')(-1)+ and let 6* be a generator of F"Mdfl(7r/, 1^'='='). Via the 
inclusion of the exact sequence of corollary [321 (i), we get A, /i G M E{TTf) such that 9 = Xa + (ih. 

Lemma 3.7. Let v = xa + yb eMBi-Kf ,W^^')^{-1)^ . Then the projection 

Ms(7r/,M^"')R(-1)+ ^Ext;^jjjg+(1, MB(^/,Ty"')K) 

maps V into B{'k f ,W^^ ) if and only ifxfi— Xy G E{TTf). 

Proof. The choice of 9 induces an isomorphism B{ii f ^W^^^ ) ~ <leiE(TTf)^B{i^f,W^^ )(— 1)+ on 
one side and the map 

: Ms (tt/ , )k (- 1)+ — > dei^^E(.j) Mb (^/ , M^"' ) (- 1)J , 
which is part of the commutative diagram with exact lines 

> F^MdRK > Mb(^/, M^"')m(-1)+ det^<sE{.,) Mb(^/, M/"')(-l)+ > 

>i^°Mdfl,R >MB(^/,iy"')R(-l)+ >ExtJ^jjg+(l,MB(^/,T^"')K) ^0 
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on the other side. This shows that v is mapped into B{TTf, W^^ ) if and only li v f\ 6 = pa f\h ior 
some p e E{'Kf)^ which means that x/x — yX d E{'Kf). □ 

It foUows from thcorem l2. 171 that the space HomQ[G^(A/)] (tt/, r(£'^''^ )) is a sub Q- vector space of the 
R(8)Q-module HomQ[Q^(Aj,)] (ttj , ExtJ^jjg+ (1, H?(S, VF'^'^ ))q). Corollary [321 (ii) gives an inclusion of 
£;(7r/)-modules Ext;^Hsj(l' Mb(^/V"')r) C HomQ[G4(A,)] (tt/, Ext;^jjg+ (1, Hf(S, T4^'= '=')«)). 
The Q-subspace HomQ[G,(A^)](7r/,r n ExtJ^jjjg+ (1, Mb{-k f ,W''''' of the R ® Q-module 
ExtJ^gjj+(l, MB(7r/, T/F''''')r)q is denoted TZ{-k f ,W^^' ). The Q-structures obtained by those of 

definition 13.41 by extensions of scalars to Q are again denoted by 6(7r/,VF"') and V{-k f ,W'^^' ). 
Our task is now to compare the two Q-structures TZ{TTf,W'''' ) and V^nfjW'^'' ). As in [5] and 
[31j . Poincare duality reduces the problem to the computation of two cup-products. 

3.2 Poincare duality and 1-extensions of mixed Hodge structures 

Fix a generator 1 of the highest exterior power 04/^4- This gives rise to an orientation on the 
mainfold S(C) {lemma^TT^. Then consider the perfect pairing [ , ] : W'' 'S'W''''' (-3) Q{k + k') 
and endow the Q-Hodge structure Q(fc -I- k') with the action of G4(A/) via |i^4|~''^'' By ^0] p. 
294-295 and the isomorphism between interior and intersection cohomology ([37! Prop. 1), Poincare 
duality 

Hf(S,T4^"')«)Hf(S,M/^"'(-3)) ^ Qik + k') 
is G4(A/)-equivariant. Hence we have a perfect pairing of Q- Hodge structures with coefficients in 

Ms(7r/,W^"')0Ms(#/|i/4|-'=-'='-3,W^'='='(-3)) ^^£;(7r/)(/c-f /c')b. (3.2.1) 
In de Rham cohomology, we have a perfect pairing of filtered i?(7r/)-vector spaces 

MM^f, M^"') ® Mdfl(7^/|^.4|-'=-'='-^ M/"'(-3)) ^ E{7Tf)ik + k')aR (3.2.2) 

whose complexification is induced by the pairing between rapidly decreasing and slowly increasing 
differential forms ( 22 Prop. 2.5, Prop. 1.4.4) 

Hom(A' Qa/U, W'^'^' ® C,°S(G4(Q)\G4(A)) ® Hom(A' 34/64, W^"'(-3) ® C-(G4(Q)\G4(A))) ^ C 

\vi{x)\''+^'+'^[u} ^uJ'][l){x)dx. 



1 



(2i7r) 



k+k' 



Z4(A)G4(Q)\G4(A) 



Extending scalars to C, these pairings give a commutative diagram 

MB(7r/, M^'='=')c <^ MB(#/|^/4r'=-^'-^ 1^"' (-3))c C ® E{TTf ){k + fc')s (3-2.3) 



MM^f,W^^')c ® M<ifl,(7r/|z.4|-"-"'-M^"'(-3))c C ® E{^f)[k + k')dR 

whose vertical lines are isomorphisms. 
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induced by complex conjugation on S(C) and MB(7r/, W'''' )^°° *■ the direct factor of the vector 

(-1) 



IjEMMA3.8. Denote by Foo be the involution onMBi'!Tf,W'^^') andMB{Trf\v4\ ^ ^' ,W^^' 
ilex 

space yisiT^ f ^W^^ )c where F^o acts by multiplication by (—1)* 

(i) We have Mb(^/, T4^'='=')(-1)J - MB(7r/, 

(ii) The dualofyiB{-Kf,W^^'){-l)'l under the pairing ^KKJ\) isMB{nf\iyi\-''-''' ,W''''' (-3))^°^^^ . 

Proof (i) Lemma [HE] implies that ll^{S,W''''') is a direct factor of H3+'''+'^' (A'=+'=^' , Q(fc + fc' + 3)). 
So MB(7r/, VI^'=^'=')r(-1)+ is a direct factor of HomQ[G^(A^)](7r/, H3+'=^+'=' (A'=+'=^' , M(fc + k' + 2))+). 
The symbol denotes the invariants under the C-antilinear complexifiction of Fac ■ Hence -Foo acts 
by multiplication by (-1)'^'+'=' on H3+'=+'^'' (A'=+'=' , M(fc + k' + 2))+. (ii) follows from the identities 

{FooU,Foov)b ^Foo{u,v)b = {-!)''+''' {u,v)b- □ 

By proposition 1 1 . 1 7[ we have the Hodge decomposition 

Lemma 3.9. Let a € Mc;fl('n'j|i/4|~'^~'^ -^^w'''' (— 3))c be a de Rham cohomology class mapped into 



fc 4 k ^ jyj-i^ k,2 k comparaison isomorphism and let cr+ = -^(c + -Foof) it's projection 



on MB(7^/|^■4^''■"''■'"^ W^'''''(-3))c°°"^ Then the cup-product 

Mb (^/ , 1^"-' )b(- 1 )+ C Mb (tt/ , M^"' )c ^-^-^ C F(^/ ) 
induces a commutative diagram 

Mb(^/,W^'= ^Ext;^jjs+(l,MB(7r;,M^"')R) 



C^E{TTf) 



Proof. By the exact sequence of corollary 13.21 (i), we have to show that (cr"*", )b vanishes on 
F°MB{Trf,W''''')M. As the inclusion ^OMbCtt/, W^'='=')r C MbItt/, is induced by 

V ^ ^{v - v), it maps F0MB(7r/, ty"') C F^MsCTr/, M^'='=')c = M^''"'''"^'° into the direct sum 

M^^ © M^ ~ -3,0^ vanishing follows from the choice of the Hodge types of a. □ 

Remark. Note that the lemma would be false if cr had a component in M^^*^^*^ ^'^ © M^''^'' 
As ExtJ^jjg+ (1, MB(7r/, W'' ^ )r is of rank one, we have 

(a+,I?(^/,Ty"'))B 7^(7^/,ly^■^■') = (a+,7^(^/, M/"-'))b (3.2.4) 
so we are reduced to compute the cup-products I?(7r/, W^*^ ))b and {a^ ,71(71 j^W'''^ ))b- 
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3.3 The period computation 

Let us recall the definition of the Deligne periods ([15] 1.7) of M(7r/, W'''' ). We use the notation 
of the lemma 13.31 (i) . We have the Hodge decomposition 



(proposition [LTTI) . The subspaces C Md_R(7r/, W'''' ) of [loc. cit.] are given by 
The map 

/± :Mb(^/,W^'='=')^ cMs(7r/,Ty"')c~MdflX^/,W/'='=')c — {MM^f,W'''')/F^)c 

is easily seen to be an isomorphism. The determinant of this isomorphism computed in rational 
bases on both sides is the Deligne period c^(7r J, W^'^'^ ). It is an element of (C(8)qQ)^ whose class for 
the relation = doesn't depend on the choice of the basis. Similarly for M(#/ |i/4|^'^^'^ (^3)) 
we have 

F+(7^/|^/4^''"'''"^W^'''''(-3))c = F-(7^/|^/4^'=-'='-^ W^'='='(-3))c = M|-'=-'=' ® M^''^''^-'^ 

The Deligne periods c± (tt/ |^/4^''"'''"^ VF"' (-3)) of M(7^•/|^/4^''"'='"^ M^"'(-3)) are defined as 
above. We have an isomorphism 

MB(7r/|z/4r''"'''"',M^"''(-3))i-^'2-'=' ~ [Fi-'=Mrffl(7r/|i.4r''"'''"',W^"'(-3))/F±Mrffl]c 

making F'^-''MdR{T^ f\v4\^''^''' .W''''' {-2,)) / F^MdR a £;(7r/)-structure of the left hand term. 

Proposition 3.10. Letu^^ be the finite order part of the central character of n . Denote hy sgn{ijj^^) 
it's sign and by e(a;°^.) be the associated Gauss sum. If a is in the above E{TTf) -structure then 



c(-i)''+'='+^(^^,T4^"') 

Proof. Let B' = xa + yb & MB(7r/, VF''''')k(-1)+, with x^- yX ^ 1. By lemma [X71 this implies 
that B' is mapped to S (tt/ , W^'^ ) by Ms (tt/ , )r (- 1 ) + Ext jjg+ (1, MB(7r/,M^"')E), hence 
that 



B- 



Fix generators IdR and Is of E{-Kf){k + k')dR and E{'Kf){k + k')B resepctively. The right hand 
vertical isomorphism in the diagram p.2.3p maps 1b to (2j7r)'^+*' I^r = ^dR- Let 

e' e Mdi?X7^/|^^4^^■"^■'"^v^^^■^■'(-3)) 

such that {9, 9')dR — Idfl- Recall that the Hodge types of the class sigma have been chosen 
to belong to {(2 - fc', 1 - fc),(l - k,2 - k')}. As 9 e F"MdRinf,W''''')c = M^~''~'''"^ the 
dual 9' has a non zero component on ~ So the couple {<7,9') is a rational basis of 
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{MdR{nf\i^^\-''-'''-^ {-3))/F^)c. Choose a\b' £ MB(7^/|l^4^''"'''"^ M^'''''(-3))c such that 

(a, a') B — {b, b') s = Is. According to lemma fill . we have 

a',b' e MB(7^/|^.4r^■~^■'~^M^"■'(-3))c^^^ 

The vectors 2i7ra and 2iTrb are rational vectors of MB{TTf, W^^ )c, hence {^a! : ^b') is a rational 
basis of the vector space MB(7r/|z^4|~'^~'^ -^^y^^fcfc (^_3))^~-i^ Consider the isomorphism 

/oo : MB(7^/|^.4r'-'■'"^V^^"■'(-3))^~=l ^ (M<^,^(7^/|;.4r'=''='-^ W^"'(-3))/F±)c. 

Write looi-^ci') ^ ua + v9' and -^00(2!^^') = "'^ + Then the definition of the Deligne period 
is c+(7^/|l.4|-'=-'='-^M^'='='(-3)) = W-u'w. We have Al^ = {^a',e)B = {ucj + vO' , 9) ^b. = vUr, 
the second identity following from the fact that ( ,9)dR vanishes on F*. So X = v. Similarly we 
have 11 = v' . Then we have 



5)) ^ {fia — Xb' , xa + yb) 
i))-\^lx-Xy) 

Now it follows from [TS] Prop. 5.1 and (5.1.8) and corollary 13.61 that 

□ 

The computation of {a~^ ,Ti{TTf,W'''' ))b is based on the explicit description of TZ{TTf,W'''' ) in 
Deligne cohomology. Let us recall some of it's basic properties. 





= c^ 




-k- 


-fe' 


-3^ lyfefe' 




= 


"(7r/|j/4| 


-fe- 


-k' 


-3^ lyfefc' 




= c^ 




-fc- 


-k' 


-3^ ^^kk' 




= 




-fc- 


-k' 


-3^ ^^kk' 



3.4 Deligne cohomology 

A definition of Deligne cohomology and real Deligne cohomology can be found in [3S] 7. It allows 
to give an explicit description of absolute Hodge cohomology classes by means of currents and 
differential forms. 



We denote by Sm{<Q) the category of smooth quasi-projective Q-schemes. Let X e Sm{Q). 

Proposition 3.11. [loc. cit.] 7.1. There is a functorial morphism from absolute Hodge cohomology 
to real Deligne cohomology H™(X, l(i)) — > {X /R,'R(t)) which is an isomorphism for A = K 
and m < t. 

Remark. The definition of absolute Hodge cohomlogy used in [loc. cit.] is not the one we use here. 
The compatibility between the two is proved in [57] Th. A. 2. 7. 

Let 5™(X(C),E(t)) and 5™(X(C),R(t)) be the space of C°° differential forms and C°° differential 
forms with compact support on X(C) of degree m with values in R(i). Fix a smooth compactification 

X X* ^^—Y 
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whose boundary is a normal crossing divisor and let 17™ (X) be the space of degree m holomorphic 
differential forms with logarithmic poles along Y, together with it's Hodge filtration 
3.1 and 3.2.2). 

Proposition 3.12. JMl 7.3. Let TTfe : C -> R(fc) be the projection z i-> i(z + z). For m > 1 

we have an isomorphism 

~ {{(f>,u;) e 5™-i(X,M(m- l))el]^(X)| = 7r„._itj}/{(d(/), 0)| <j) e S"'-^{X,R{m^ I)}. 

Now denote by T™(X(C), M.{t)) the space of linear forms on S^"^{X{C),B.{—t)) that are continuous 
for the topology. Elements of T™(X(C), are called currents of degree m on X{C) with 

values in R{t). Differential of forms induces a differential r™(X(C), K(t)) T"'-^{X{C),n{t)) 
and the cohomology of the complex defined in this way is the singular cohomology W^{X{C),R{t)). 
Denote by Ty{X{C)) the complex of holomorphic currents on ^(C) with logarithmic poles along 
Y{C) together with it's Hodge filtration F°T^(X(C)) ([29] Def. 1.4). 

Proposition 3.13. Let H^(X, M(i)) be the m-th Deligne homology space of X with values in M(i) 
f[loc. cit.] Def. 1.9). Then we have a natural isomorphism H™+2<i(x, M(t + d)) ~ H^(X,M(t)) and 
a natural isomorphism 

H^,(X,E(t)) ~ {{S,T) e r"-i(X(C),E(t- 1)) ® F'T^{X) \ dS = Tit-iT}/ {d{S,f)} 

where {S, f) e r™-2(x(C), M(t - 1)) F'T^'-\X{<C)). 

Proof. The first isomorphism is proven in [loc. cit.] Th. 1.15 and the second in Lem. 6.3.9. □ 

As a consequence we have an explicit description of the Gysin morphism in Deligne cohomology. 

Lemma 3.14. Let l : Z X ^ Sm{Q) a closed imbedding purely of codimension c. Rep- 
resent Deligne cohomology classes by currents via proposition \3.13[ Then the Gysin morphism 
H55(Z,R(i)) Hp+^'=(X,R(i + c)) is given by {S,T) ^ {l^S,l*T). 

Choose an orientation of the complex manifold X{C). For r] E 5™(X(C), M(t)) we denote by 
e T"'-'^'^{X{C),R(t - d)) the current defined by a i-^ l/(2i7r)"'/ a A 77. Similarly we denote 
by T : {n{.{X),F°) {T*{X{C))[-2d], F°-'^) the natural inclusion Lem. 1.2) of filtered 
complexes. For t ~ m + d, the isomorphism (i) of proposition 13.131 is then given via the explicit 
description of each member by 

{(j),Lu) e 5™+2'*-i(X,M(t+d-l))er!^'+2''(X(C)) ^ (T0,T^) e T"-i(x(C),M(t-i))eF*r7(x(C)).| 

Lemma 3.15. Represent Deligne cohomology classes by currents as in provosition lS. 13\ (i) and (ii). 
The application mapping a closed form rj G M(t)) to the class (r,j,0) induces a morphism 

WgiXMt)) > H™+i(X,R(t + l)). 

Proof The current T,, e T"'-'^'^{X{C),R{t - d)) satisfies dT,, = hence defines a deligne homology 
class (r^,0) G H^^_2<i+i(^'K(rn + 1 - d)) ^ H^'+\X,M(m + 1)) (proposition [mg), which is zero 
when 77 is exact. □ 



40 



Finally we give the explicit formula for the external cup-product in Deligne cohomology. 

Proposition 3.16. Let Xi,X2 e Sm{Q) and let : Xi x X2 ^ Xi be the projections. Then the 
external cup-product H^(Xi,R(<)) H™' (X2, M(t')) ^ H™+"''(Xi x X2,R{t + t')) is given via the 
isomorphism of proposition \3.12\ by 

® {4,', J) ^ {p*x^(j>Ap*x^TT^'Uj' + {-irp*x^TT„^uj Ap*xJ' ,p*x,i^ Ap*xy)- 
Proof. This follows from the formula for the internal cup-product [T7] 2.5.1. □ 

3.5 The Rankin-Selberg integral 

3.5.1 The Eisenstein classes in Deligne cohomology 

We begin by writing down the real analytic Eisenstein series describing the Eisenstein symbol in 
Deligne cohomology. Then we obtain a description of the image under the regulator in Deligne 
cohomology of the Eisesntein classes ()2.5.2|) by means of currents. 

Proposition 3.17. fllf Prop. 2.5.4- Let n > be an integer. Denote by G 02 the vector 
corresponding to Z = in il.l.2\} . There exists a family {(t)^)r=n mod 2 of functions in 

indg^|j|^j+ A(n, — 1) such that 

(i) the function 0" is of weight A'(r, n — 2), 

(11) we have v^cp^ — < and v 0" — 

10 if T — —n. 

(iii) we have 0" — 4'"^r- 

Let 7700 ^ Vf be an algebraic Hecke character of T2 of type A(— m — 2, —1). Let <j) = <j>ao ^ 4>f he a 
function in indg^l^j?? with 0oo = 4'm+2 ^^'^ such that (f>f has values in Q. Then the map 

t)=F , . 

where <^T(^rn±m) vectors of Sym™V2C defined in lemma fTT2l is a vector valued differetnial form 

UJ+ G HomK2^ (02/62, Sym™V2C indg^^l^jj]) and we have ujt.i(t)f) = (-l)"w^((/)/). Furthermore 
the function 

/o ■ \'m-\-l 

= [r -^D ^ < ® "^^Jl™ ® 0/ e HomK, ^ (A°02/t2, Sym'"V2 ® ind^lll]v)- 

satisfies Qm{4'f) — ^^'^ c?0m(0/) = T^m^mi't'f) where tt^ : C ^ M(to) = (2i7r)''"R 

denotes the projection z j{z + (— 1)™^) Lem. 6.3.3). We define the Eisenstein series 

Em{(^f) = E 7*0m(0/) e^°(M,(Sym"V2R)(m)) 

7eB2(Q)\G2(Q) 

EL{<t>s) - E 7*^+('^/)G^'(M,Sym'"V2c). 

7 6B2(Q)\G2(Q) 



n~r in 



2 ifr^n 
if r = n.' 
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As m > 0, they are absolutely convergent {^E\ Prop. 19.3), hence satisfy dEm{(f)f) = n„iE'^{(f) j) . 
Identify ^°(M, (Sym™V2R)(m)) and yli(M, Sym^Vac) with direct factors of ^"(E™, M(to)) and 
^'"+^(E™,C) respectively, as in the proof of proposition [TTTI By [ST (6.3.5) the form Em{4>f) has 
logarithmic poles along a toroidal compactification of E™. So via the isomorphism of proposition 
l3J2l the data Eisp(0/) = {E„,{(j) f) , E'^{(i) f)) defines a class in H^+^E", R(to + 1)). 

Proposition 3.18. /H]/ 6.3. Let rv : H™+1(E™,Q(to + 1)) ^ H™+^(E™,R(to + 1))^ he the 
regulator in Deligne cohomology and Eis™ : —> H'""'"^(E™, Q(m + 1)) be the Eisenstein symbol. 
Then for every (j)f £ B'^ we have (r-p o Eis")(((i/) = Eisp (0/). 

With this proposition and the explicit formulas for the external cup-product and the Gysin mor- 
phism given in section [Jill we have the following description of the image of Els'" ^' (PX^ in Dehgne 
cohomology. 

Proposition 3.19. (i) Denote by {Pkk'{(t)f®(t>'f).PU'{^f®4>'f)) € H^+'='+^(E'=xE'=',R(fc + fc' + 2))Q 
the class of the image of 4)f ® (f)'^ by the external cup-product 

Eis^ U Eis^' : Bl ® Bl > H^+'=^'+2(E'= x E'=',R(fc + k' + 2)). 

Then 

Pkk'ih ® (f^'f) - p*Ek{<Pf)Ap'*7rk'K'i^'f) + (-l)V7rfcE'fe(0/) Ap'*Efc,(0}), 
where p and p' denote the projections of i2.5.2\) . 

(ii) Let rv : H^'^+'^'(A'=+'^',Q(fc + k' + 3)) — > H^+'^'+''(A'=+'=' , R(A; + k' + 3))q be the regulator m 
Deligne cohomology. For (pf ® & B^® B^, let 

Eis^''='(0/ ® 0}) = (rx, o Eis'-'^-' )((/./ ®<j)'f)& H^+'='+4(A'=+'=',R(fc + fe' + 3)). 
Then via the isomorphism of proposition \3.13\ we have 

EiSp*" {(pf^cj)'^) = (t*Tp.p^^,(0j,g,^^), t*Tp.p^^^(0j,^0/^)). 
Proof. This follows from lemmas [3.141 13.151 and the functoriality of the regulator. □ 

3.5.2 Computation of the regulator 

In concrete terms, the class cr of lemma is a harmonic vector valued differential forms associated 
to an automorphic form whose archimedean component is a non-holomorphic member of the 
discrete series L-packet P{W^^ (~3))- This association depends on choices that we have to make 
precise. In the following, we denote by tt' the representation 7r| 

Let 112 and b be the complex Lie algebras of 112 and L2 00 respectively. We have the decomposition 
"■2/12 — {p2 ® P2^) ® {pt ® P2^) (|f -l-^P - Denote by (a;, y) the components of vectors of 7r2/[2 in this 
decomposition. Then 0), (0, w+), 0), (0, v~)) is a basis of 7r2/[2. Let = ©pj c 7r2/l2. 
Then the imbedding i : 112 — > G4 (ll.l.ip induces an imbedding 

L : 112/12 = ® > 04/^4 = p| ® P4 
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mapping to . 

Lemma 3.20. Consider the vector 9 G ^4 defined in lemma \Tl\ (ii). Then there is a unique highest 
weight vector A2,i G A pt such that 8X2,1 = (0, v^) A 0) A (0, v^). Furthermore we have 

d A2,i — t[(0,v^) A A (w^,0)] for some non zero complex number t. 

Proof. The representation p'l®p'^ of £4 is irreducible with highest weight A' (3, —1, 0). By lemma 
0(i), the vector {Q,v+) A {v+ ,0) A (O,?;") is of weight A'(2,0,0) = A'(3,-l,0) + A'(-1,1,0). As 
A'(— 1,1,0) can't be written as the sum of two roots of A — A+, the character A'(2,0,0) has 
multiplicity one in (g) p^. Then the first statement follows from the fact that d has weight 

A'(-1,1,0) (lemma 0(111)). As the weight of (0,w+) A (t;+,0) A (u",0) is 

A'(0, 2, 0) = A'(3, -1, 0) + 3A'(-1, 1, 0)., 

the second statement follows by the same argument. □ 

Remark. It's not necessary to specify t because it will disappear in the following computations. 

Lemma 3.21. Let A21 G A^pJ be the vector given by the previous lemma. Let 

v-k,k' = 1 H aS' ® 1 G Sym'=V2(fc) H Syn/'V2(fc') ~ Sym'^Va H Sym'^'Va C t*VK"'(-3)- 

Assume that the archimedean component tt^ is the element of P{W^^ (~3)) whose minimal K400- 
type has highest weight A'(fc + 3, —k' — 1, ~k — k'). Denote by -k' [k + 3, —k' — 1, — fc — k') C tt' the 
sub G4^{Kf) -module of forms whose weight is \' (k + 3,— fc' — 1,— fc — k'). For every automorphic 
form g in 7r'(fc + 3, -fc' - 1,-fc- fc') let oj{g) G HomK4^ (A^ P4 P4 : W^'' '''(-3) tt^) be the map 
defined by uj{g) : A2.1 1 — > v^k.k' ® 3- This defines a Gi{Af)-equivariant imbedding 

oj : TT'{k + 3, -fc' - 1, -fc - fc-') > H3^,(S, Ty"'(-3)) 

mapped into Yl%,{S,W^^' -^-^ by the comparaison isomorphism. 

Proof. Note that v^k.k' has weight A'(— fc, fc', fc + fc') (lemma [TT2] (i)) hence that uj{g) is well defined 
(lemma 11.161) . Then the statement is a reformulation of proposition 11.171 □ 

Fix now a form g G vr' as in the previous lemma. 

Lemma 3.22. (i) The only non zero values taken by uj{g) on the basis of f\' 1:2/^2 deduced from the 
&asis ((t;+,0),(0, «+),(«-, 0),(0,i;-)) o/7r2/[2 are 

a;(g)[(0,i;+)A(«+,0)A(w-,0)] = V-k,k' ®dg, 

w(g)[(0,i;+)A(t;+,0)A(0,w-)] - jv^k,k' ®d\. 

(ii) The only non zero values taken by FooLo{g) on the basis of 112/^2 deduced from the basis 
((z;+,0),(0,i;+),(i;-,0),(0,i;-)) 0/^2/12 are 

Foow(.g)[(0,w+)A(0,f-)A(w-,0)] = v^k'M®9, 
Foow(5)[(«+,0) A (0,?;-) A (w-,0)] = w^k'M^t 
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where v^^/ k, W-y ,k G W^^ is a vector of weight X'{—k', k,k + k') and g and g' automorphic 

forms with archimedean component in the element ofP{W'''' (~3)) of minimal K4 co-type of highest 
weight \'{k' + 1, -fc - 3, -fc - k'). 

Proof, (i) By definition (lemma Fl.lGp the form Lo{g) vanishes outside the direct factor A^p4^ ® P4 
of 

A^(p| © P4 ) = A^P4 ® A2p+ (g) P4 © p+ A^p- © A^p4 . 

Hence it's restriction to A'^^'a/b vanishes outside the direct factor A^ 1^ ® of A'^'^'z/b- We 
have ijj{g)[{0, w+) A 0) A (0, v^)] — ijj(g)[dX2,i\ — dv-k,k' ®g + V-k,k' ® dg. As V-k,k' has weight 
A'(— fc, fc'. fc+fc') and the weights of ^ (—3) are inside the convex huh of the orbit under W4 of the 
dominant weight A'(fc, fc', fc+fc') we have 9u_fe,fe' = 0. So uj{g)[[Q, w+)A(u+, 0)A(0, v^)] — v^k,k'®dg. 

The identity a;(g)[(0,D+) A (w^,0) A (0,ti~)] = (g) i9 5 is proven in the same way. The last 

two identities follow from the first two by applying complex conjugation, (ii) As above we have 
dv^k'.k = so the second statement is proven in the same way than the first. □ 

Remark. We don't need to be more precise in the statement (ii) of the previous lemma because 
the terms aJ(g)[(0, t;+) A (t'+,0) A ('u~,0)] and Zj(g)[(0, t)+) A [v^ ,0) A (0, w~)] will disappear in the 
following computation. 



Proposition 3.23. Take a = uj{g). Then for 0/ ® 0'^ ^^t® we have 

(f7+,Eisf (0/®0^))^ / dg{x) r*{c^'lk^^4®cbfcb'j)ix) dx. 

izi(A)n2(Q)\n2(A) reB;,(Q)\n2(Q) 

Proof. Represent the Deligne cohomology classes in H^^'"' +'*(A'^+'^ ,M(fc + fc' + 3)) by couples of 
currents as in proposition 13.131 Consider the composite map 

Hf(S,W^"')(-l)+ > Ext;^jjg+(1, Hf(S,T4^"')R)) > H^+^'+''^'(A'=+'=',M(fc + fc' + 3)). 

By lemma 15. 15[ it maps a closed differential form a to the class (T^, 0). Let ri{(j)f (g) be a closed 
form in S^{S, W'^'^') hfting Eisp*^ ((/()/ cj)'^). With the notation of proposition 13 . 1 91 this means that 

('7'r,(0^<8.0'^),O) = i''*Tp-'P^^,{^f^^'^),t-*Tp'P'^^^(^f^^y)) e Hp+'' +4(A''+fe ,R(fc + fc' + 3)). 
So there exists a current 5" such that T^(0^(g)0'^) = ''*'^p'Pkk'(<l'f®4''f) ~^ ■ Hence 
(a+,Eis^^'='(0/®^^)) = {^-[u{g) + F^u:[g)),Ti{c^f®cj>'f)) 

= {\{^{9) + Fooi^{9)),i'*Tp*p^y{^i(x>4,'^)) 

= l-{L*iu{g),p*Pkk'{(f>f ® 0/)) + l{L*FocUj{g),p*Pkk'{<l)f <S> (t^'f)). 
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Let 1 e /\'* 1^21^2 be the generator 1 = (0, A 0) A (w^, 0) A (0, v^). By the expUcit description 
of the pairing (|3.2.2p we have 

{L*Lj{g),p*Pkk'i(t)f®(l)'f))= / [L*Lj{g)Ap*Pkk'i(l>f(E)(t)f){l)]dx 

Jz^(A)n2(Q)\n2(A) 

where [ , ] : l*W^^ (—'i)®L*W^^' {—2,) 1(— fc— fc') is the contraction. Denote by ^4 the symmetric 
group on the set of four elements and e{(j) the signature of cr e 54. Write ei — (0, 62 = 0), 
63 = (u~,0) and 64 = (0,f^). Then 

Ap*Pfcfc'(<?!)/(^0'^))(l) = e(CT)i*w(.9)[e^(i) Ae<,(2) Ae<,(3)]®p*Pfcfc.(0/®(^'^)[e^(4)] 

By lemma 13.221 (i) the sum reduces to 

i*uj{g)[{Q,v+) A (w+,0) A {Q,v')]® p* Pkk'{(^s ® 0/)(«",O) 

-t*w(5)[(0,z;+) A («+,0) A (^-,0)] ® p*Pfcfc.(0/ ® <P'fW,v-). 
By proposition 13.191 we have 

p*Pkk-{4>f ® 0'/) =p*iEfc(0/) Ap^7rfc,Efe,(0/) + (-l)*'pl7rfcE',(0/) Ap^E;,.,(0}) 

= E^Er p*i7*0fc(0/) Kp;7'*(^^(0/) + ^fe'('^/)) + (-i)Vi7*Kt(0/) + (0/)) Kp^7'*efe,(0'^) 

for 7 and 7' variyng in B2(Q)\G2(Q). Then it follows from the definition of uj^ and 8 that 

p*Pkk'{<Pf®(^'f){v-,0) 

- E^Ey7*©fc(0/)(l) K 7'*Kt(0'/) + c^fc,(<^}))(0) ® +(-l)V(^fc+('/'/) + K 
7'1©fc'('^})(l) 

= E -lo E,e B.(Q)\G. (Q) Eye B. (Q)\G.(Q) ^ 4' ® 7* [0^_2 ® 7'* [^-fc' ® <^/] 

- E -lo Ere B^(Q)\n.(Q) ^ «f ® ^*'P''-u^2<l^^o~k' ® '\>f<i>). 
Similarly 

p*Pkk'{'i>i®<t>'f){^.v-) 

= E^Ey7*©fe(0/)(l) ^ 7'*(t^fe'(0})+ + ^-k.Ws)){v-) + (-l)VKt(0/) + ^fe(0/))(O) s 

7'*efe,(</.'/)(i) 

= ^'"(Cli" E -=0 E,e B.(Q)\G.(Q) Eye B.(Q)\G.(Q) 4 ^ «S' ® 7* I^., ® <i>s\i* Wly -2 ® ^' s\ 

~ 2(F+T) Z^i=o Z^re B^(Q)\n2(Q) ^ » i (p2j_fe?'-fc'-2 ' 
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By lemma 11.21 (iv) we have 

Hence it follows from lemma 13.221 (i) that 



1 if / = and j = k'. 
else. 



res; 

[L*uj{g)[{Q,v+) A [v+,Q) A [y- P* Pkk'{(t)f ® <l>'fW.v-)] = 0. 

It remains to compute the term [L*Fooijj{g) f\ P* Pk k' {4> f ® We claim that this term is zero. 

Indeed, it follows as above from lemma [3.22l (ii) that 

L*F^uj{g)Ap*Pkk'{^f ® 

= Foow(ff)[(0,w+) A (0,z;") A {y- P* Pkk-{<t>f ® (i)'f){v+ .Q) 

-F^u{g)[{v+ ,Q) A (0, i--) A [v' M ® p*Pkk'{^f ® 0/)(0, 1-+). 
As above p*Pfefc'(0/ «)(/)y)(w+,0) and p*Pkk'{4>f <^ 4>'f)iO,v+) are vectors of 

Sym'^^sc ^ Sym'^'v^c ® C°°(H2(Q)\H2(A)). 

As the vectors v^k'.k and w^k'.k appearing in lemma [3.221 (ii) have weight A'(— fc', k,k + k') and as 
k > k' , these vectors can't be paired non trivially with vectors of Sym''V2C ^ Sym'' Vzc- So 

(c.(5)+,Eis^''-'(0/0 0'/)) = i(.*c^(5),p*Pfcfc'(0/ 



/ dgix) r*(<^^,_24;®</./0'^)(x) dx. 



□ 

We are going to show that the Eisenstein series appearing in the above integral coincides with an 
half-integral value of the Eisenstein series defined and studied by Piatetski-Shapiro in j39j , for some 
choice of data. To this end, let us recall some facts of [loc. cit.]. 

3.5.3 Piatetski-Shapiro's integral 

Let W° = {M e M2(Q) | *A/ = M} be the unipotent radical of the Siegel parabohc Q" (|2.1.4p and 

M" = Q"/W" = G„ X GL2 = I t^_, ^ I a e G,„, A e GL2 

be the Levi. It acts on by {a,A).'^ — a^A^A. We say that a symmetric matrix /3 e is 
isotropic, resp. anisotropic, if the associated quadratic form is isotropic, resp. anisotropic, over Q. 
Fix an invertible matrix (3 G W'^. 
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Lemma 3.24. Let Z)^ be the stabilizer of (3 in . There exists a 2 dimensional Q-algebra Kp such 
that Dp ~ ResK„/(fim- Furthermore 



a quadratic extension of Q if (3 is anisotropic, 
O X O else. 



Proof. For anisotropic /3, one is reduced to [3 — \ \ ^ 1 where p E is not a square. Then 



-p 

X + Y^j/ I — > |^(a;^ — py'^)^^, ^ ^ gives an isomorphism (Q)(y/p)^ ~ Dp. For isotropic /3, 

one is reduced to /3 = ^ ^^^^^ ^- Then i — > ^(xy)^"'^, ^ ^ ^ gives an isomorphism 

(Q X Qr ^Dp. ' □ 

Notation. We denote by 1 1-^ i the natural involution of Kp and by : ^ Go the morphism 
X I — > tr-(/3a;). Let i?^ = VF° x Z?^, let C/j be the center of Rp, let Np = Kerlp C and let G;3 
be the fiber product 

Gp > ReSif^/QGL2 



^Resif^,/QG 

rn ■ 

Denote by B'p the Borel subgroup of upper triangular matrices and let Vp = Resx/^/Q Kp. Note 
that if (3 is isotropic then Gp is the group 112 = G2 XQ(j G2. 

Lemma 3.25. '39^ Prop. 2.1 There is a closed imbedding Lp : Gp G such that we have the identity 
ipiGp) n Rp = Np X Dp. If P is isotropic we can choose Lp — i 

Now let p : Q^\A^ — > and v : Dp{Q)\Dp{A) be continuous characters. Consider the 

character Xti,i^,s given by 

X.,.,.((o ?)(o ?)(o 1 ))=M-)l-r*-"'W- (3-5.1) 
Then for any Schwartz-Bruhat function $ on Vp{A), the function on Gp{A) defined by 

g ^ f''{9,p,iy,s) = pidetg)\detg\'+i f mO,t)g)\tt\'+i p{tt)u{t)d'<t 



belongs to the induced representation ind^f |^jx/j.i^,s, i-e. 

•^*((o 1 =M(a;)|a;|'+^'^"^W/*(ff,Ai,i',s)- 

Proposition 3.26. JMJ Th. 5.1 For s e C the Eisenstein series on Gp{A) given by 

E'^{x,p,iy,s) ^ ^ /*(rx,/i, t/, s) 
res;, 
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is absolutely convergent for Re s big enough and has a meromorphic continuation to C satisfying 
the functional equation 

E'^{x, II, v, s) = E'^{x, fi~^i>~^, 1 — s) 
where $ is the Fourier transform of ^ and 9{a) — iy{a). 
Remark. Note that the central character of E^{x, /i, ly, s) is 

In order to relate the Eisenstein series appearing in proposition l3 . 23l to the preceding one, we assume 
from now on that (3 is the isotropic matrix 

Lemma 3.27. Denote by ((xi , yi), (a;2, 2/2)) the coordinates of vectors in V^(C) — (C©C)®^. Let 
m, to' be two positive integers. For < j < m and < j' < to' let yi) and 6™ (x2, 2/2) be the 

polynomials of lemma \1.2\ (a). Given a Schwartz-Bruhat function $ with archimedean component 
$00 : {{xi,yi),{x2,y2)) &;"(a;i,yi)6^'(a;2,2/2)e-''(^?+2'i+^'+2'')^ the function f^ig, fi,v,s) has 
type A'(2j — to, 2/ — to') for the maximal compact torus Ljo^ = t(K'2oo x Kjo^) (see section [7771 
subsection 1.1.3) o/SL2(K) x SL2(M). 

Proof. Once noticed that the maximal compact subgroup of 112 (K) is the special orthogonal group 
of the quadratic form x\ + y\ + x\ + y2, the statement follows from lemma [L2] fa). □ 

Lemma 3.28. Let ai and a2 be algebraic Hecke characters of of respective types k' and k with 
respective signs (—1)'^ and (—1)'^. Then 

(i) The character Xi^aia2,k+k' +3-^ of B'i^{A) = B2(A) y-GoiA) B2(A) can be written 

Xi,QiQ2,fc+fc'+3-| = A X A' 
where A and A' are algebraic Hecke characters 0/T2 of types A(— fc — 2, 1) and A(— fc' — 2, 1). 

(ii) There exists a Schwartz-Bruhat function $ = $00 fX" *&/ on (A) and 4>f ® (j)'^ £ B^® B'^, such 
that 

/*( , 1, aia2, fc + fc' + 3 - 3/2) = ^tk^2<f>k' ® ^f^'f 

Proof, (i) We have ai = | |^'^ and a2 = \ \^''oi2 where ai and are of finite order. Write 

f f ai 61 \ f 02 b2 \\^f {ai/d2,a2/di) \ / {di,d2) \( I 0162 + 61^2 
\\Q d,)\Q d2)) \ l)\ {d^,d2) )\Q 1 

By definition (|3.5.ip we have 



1/2 \ 
I 1/2 j • 
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Xl,aia„fc+/c'+3-3/2 q di J \ ^2 

= |ai/d2|'+''+'(aia2)-\di,d2) 
= |ai/d2|'=+''+'|cii|'^'|rf2|'a?(^^i)"'a2(rf2)-' 
= |ai|'=+2|(aidi)/rf2|'='+'|aidirM(rfi)-'«^(d2)-' 
= |ai|'=+2|aidiria?(di)-i|a2|'='+'|a2d2ri«§(d2)^^ 

Consider the restriction A|t2(b)- It is given by A|t2(r) \ '^q d > ^ \o.i\''^^\o-idi\^^ sgn{di) 



k 



where sgn{di) is the sign of c?i. For ^ 'q'^ d j T2(M)+ we have aidi > 0, so we have the 

identity A 'Jj ^ ) " 4+^ {aidi)^\ This means that A is an algebraic Hecke character of type 

A(— fc — 2, 1). Similarly A' is an algebraic Hecke characters of type X{—k' — 2, 1). (ii) For every $ 
and every (pf (g) the functions /*( , 1, aia2, fc + fc' + 3 — 3/2) and '/>'lfc_2'^fc' ® ^f'f'f belong to 
indg?|*j(A X A'). By the Iwasawa decomposition 112 (K) — B2(K)L2o2, the archimedean component 
of elements of indg?|^j(A x A') are characterized by their restriction to the torus l-'2oc- Assume that 
$ = $00 (^^f, then /* — /*°° (g) /*^. Lemma [3.271 shows that there exists $00, such that the 
archimedean component of /*°° ( , 1, aia2, fc + fc' + 3 — 3/2) is ■ values in Q, 

the function f^^ ( , 1, aia2, fc + fc' + 3 — 3/2) belongs to ® and the conclusion follows. □ 

We can now deduce our second main result. 

Theorem 3.29. Assume that the de Rham cohomology class Lu{g) associated to g is rational in the 
sense of proposition [3.10\ and the central character lOtt' of it' satisfies lOt^i — Ci\a2- Then there is a 
Schwartz- Bruhat function $ — $00 <8) $/ o?i (V2 ® V2)(A) whose non archimedean component $j 
has values in Q, and such that 

f dg{x)E'^ix,aia2,k + k' + 3-hdx. 

■/[z^(A)(n2)(Q)]\(n2)(A) 2 

Proof. Direct consequence of the identity (|3.2.4p . corollarv l3.6[ propositions 13.101 13.231 and lemma 
[3:281 fii). □ 
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In the following, we denote by the cusp-form dg and by Z(<f>^ aiQ;2, s) the global zeta integral 

Q!ia2, s) = / (l){x) E'^ {x^aia2T s)dx. 

J[z'^{K) (n2(Q)]\(n2(A) 

3.6 Bessel models, occult period invariants and proof of the main theorem 

Bcilinson's conjecture predicts that the regulator is non zero. The previous theorem shows that the 
non- vanishing of 7?.(7r/, W^^ ) is equivalent to the the non vanishing of aiQ!2, fc + A;' + 3 — |). 
As we will see, this depends on the existence of a Fourier coefficient, more precisely of a Bessel 
model, relative to the isotropic matrix /3, of the integrated form </>. Assuming the existence of such 
a Bessel model, we expand the global integral q;iq;2, fc + fc' + 3-|) in an Euler product of local 
integrals. We also introduce Harris' occult period invariant, a constant measuring the difference 
between the rational structure on tt' coming from de Rham cohomology and the one coming from 
the Bessel model. We can then deduce our main result. 



Fix a non trivial continuous character -0 : Q\A C^. For ^ e W^{Q) let 0^ be the character 
T/F°((Q))\VF°(A) defined by s i-^- ipotr{£, s). Then the map ^ i-^ tjj^ identifies the discrete group 

W^{Q) with the Pontrjagin dual of the locally compact abelian group W'~' {Q)\W'^ (A) . By Fourier 
theory, the restriction to W'^{A) of a form on G4 has a Fourier expansion 

01 (A) = X! ^^'^i 

where (j>^ is the Fourier coefficient 

4>£, — (j){n)^7^ {n)dn. 

Jw°(Q)\W''iA) 

Now let (ai,a2) : -D/3(Q)\-D/3(A) be the character {x,y) 1-^ cti{x)a2{y) where ai and a2 are 

the characters defined in lemma [3.281 

Lemma 3.30. ';39l proof of Th. 5.2, JWj. Let he the function on Gi{K) defined by 
a; I — >W^{x)^ i {ai,a2){d) i 4>{ndx) ij^Z^ {n)dn. 

Jcp{A)D^(Q)\Dfi{A) JWO(Q)\H'0(A) 

Then we have 

Z{(t),aia2,s) ^ / W^{x)f'^{x,l,aia2,s)dx. 

JDii(A)N0{A)\Gf,(A) 

We say that the representation tt' generated by </> has a Bessel model relative to {f3,aia2) if the 
function VF^ is non zero. The lemma shows that the existence of a Bessel model of tt' relative to 
(/3, aiQ!2) is necessary for the non vanishing of Z{<l),aia2), i.e. of TZ{TTf,W'''' ) (theorem I3.29p . 
which is predicted by Beilinson's conjecture. It is a classical fact that cuspidal Siegel modular 
forms don't have such a Bessel model ([T Th. 2.3.12 and [3J). Then it is remarkable that because 
of mixed Hodge theory, we were forced to choose a form <j) whose archimedean part is generic 
(remark following lemma . 
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Hypothesis 2. From now on we assume that the representation tt' has a Bessel model relative 
to {(3,aia2)- If we denote by B-^f the (g4,K4oo) x G4(A/)-module generated by the fmiction W^, 
the existence of the Bessel model is equivalent to the fact that the (04,K4oo) x G4(Ay)-equivariant 
functional I : tt' —f B^^i mapping (j) to is an isomorphism. 

Now assume that the form (j) and the Schwartz-Bruhat function $ are factorizable; write (j) = 4>v 
and $ = (3)^, <&D ■ Then we have a corresponding factorization /* = J*^" . By the unicity of local 
Bessel models ((39j Th. 3.1), the integral Z(0,aia2, s) expands in a product of local integrals 



(3.6.1) 



where 



' (D,m^)Nfm^))\G,m^) 



Proposition 3.31. \2(M Let p he a finite place where tt^, aip and a2p are unramified and let $p 
be the characteristic function ofVp{Iip). Assume that 4>p € n'p is invariant under G4(Zp). Then 



Zp{4>p, aipa2p, s) = L{s, tt^). 



Proof. The representation tt^ it is the unique irreducible subquotient of an unramified principal 

series representation indg^|Q''j Xp ( |13j Prop. 2.6), where Xp is an unramified character of T4(Qp). 
Write 



66 = Xp 



66 = Xp 
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Then by [3] Lem. 4, the local L-factor at p is 

^^"'^^^ " (1 - 66p-^)(i - 66p-^)(i - 66p-^)(i - 66P-^) ' 
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We have 



D, 



'fx \ 

y 

y 

\ X ) 

' / a \ 

c 



\ y 



\x,y e 



I a,c e Ga 



and Gj3 = 112. The function (x, 1, aip a2p, s) belongs to ind^f |Q''jxi,c«ipa2p,s- Hence it follows 
from the Iwasawa decomposition G/3(Qp) = i3^(Qp)G/3(Zp) that 



Zp{(l)p,aipa2p,s) = I,aipa2p,s) \x\ ^^+'^^W^^ 

Jqp 



/ X \ 
0x00 
10 

V 1 y 



d^x. 



where 



/*''(l,l,Q!ipa2p,s) = / Ii,^xzpiti,t2)\tit2\'+^aip{ti)a2p{t2)d''tid''t2 

= L{s + l/2,aip)L{s + l/2,a2p). 
For all k G Kp and n G iV/3(Qp) the Bessel functionnal satisfies W^^{nxk) = tl>ijp{n)Wff,^{x). Write 

/ xiX2 \ 
, ■, X1X3 

U{XUX2,X,,X^) = p Q ^^^^ p . 

X2X4 j 

For every integer m and every n € Np{Qp) we have 

1, 1, 1)] = W^Juip-"^, 1, 1, 1) 1, 1, 1, 1, 1)] 

= ^fipiuip-"", 1, 1, l)nu{p-"', 1, 1, l)-i)W^^Ji.(p-'", 1, 1, 1)]. 

Now assume m > 0. In the additive group Arg(Qp) we have 

1, 1, 1) n u{p-^, 1, 1, l)-i = n. 

Hence V/3p(m(p"'", 1, 1, 1) nMCp-"*, 1, 1, 1)-^) ^ 1 for some n and W^JmCp"™, 1, 1, 1)] = 0. So the 
integral to be computed becomes 



Zp{(j}p, aipa2p, s) = L{s + 1/2, aip)L{s + 1/2, a2p) ^ p-^'^^+i 

m>0 



/ \ 

p"' 

10 

\ 1 / 
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Let B — ^^fzwjy—^y'^-^^'w in the group algebra ZlW^], where l{'w) denotes the length of w (see 
above theorem !^ . Write = aip{p). By [TH] Cor. 1.9 (2) we have 



/ 


p™ 





M 




p'" 













1 





I 








1 / 



Denote by p„ the irreducible representation Sym"V4 of G4. Then 



ri>0 

where the second identity follows from the Weyl character formula (|19j Th. 24.2). According to 
[20j . an elementary computation shows that 

Zpi4>p,aipa2p,s) = L{s,tt'p). 

□ 

In order to get rid of the non archimedean ramified integrals we refer to the following 
Lemma 3.32. Lem. 3.5.4. IfW^p 

has algebraic values then Zpiipp^ ol\ pQ-2 p^ k -\r k' -\r3 — 2) ^ 
We can chose (j)p and $p such that Zp{(j)p,aipa2p) G Q^. 

Recall that the cusp form (jj is (f> = dg where 5 £ tt' is a form whose archimedean part 1700 is a 
vector of highest weight A'(fc + 3, —k' — 1, —k — k') in the minimal iir4oo-type of tt^ flemma r3.2ip . 
and 9 e 64. 

Proposition 3.33. [loc. cit.] Prop. 3.5.2. Let B'^V*'^ C B^r' be the sub G4{Af)-module of functions 
of the shape Wg^.Wf where Wf has values in Q. Let 

:^'(A: + 3,-fc'-l,-fc-fc') ^H3j^,(S,Ty"'(-3))c 

be the Gi{Af)-equivariant imbedding of lemma \3.21\ Then there exists an element a(7r', /3, q;iQ!2) of 
C (8) Q well defined up = and such that for every g € 7r'(fc + 3, — fc' — 1, — fc — k') whose image uj{g) 
is defined over Q, we have l{g) G a(7r', /3, aia2)i?°r**'* C -B^r'- 

We can now deduce our main result. 

Theorem 3.34. Denote by the archimedean integral .^oo('^oo) ciiooCt2ooj fc + fc' + 3- I). Let S 
be a finite set of ramified non- archimedean primes together with the infinite prime. Assume that 
the de Rham cohomology class uj{g) associated to g is rational in the sense of vrovosition W. 10\ and 
that the central character lo-^i of it' satisfies lOt^i — 0,10,2.. Then we have 

7^(7^/,VF"■') = ZooaK,/3,aia2)c(-i)''^''^'(7r/,VF"-')Ls(-^,^/)P(^/,W^"'). 
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Proof. By theorem 13.231 and the factorisation (|3.6.ip we have 

V 

As Lu{g) is rational, it foUows from proposition 13.331 that /(g) = a{TT' , (3, aia2)Wg^ Yip^gp where 
each Wg^ has values in Q. Hence by proposition 13 . 3 1 1 and lemma [3.321 we have 

7^(^/, M/"') = Zoo a(7r', /3, aiaa) c^~^')'""''^' (^/, W^'^'^'') Ls(fc + fc' + 3 - 1 7r')I?(7r/, T^"') 
and as tt' 7r| [-'=-'='-3^ we have Ls{k + fc' + 3 - |, 7r(,) = L5(-|,7r). □ 

3.7 Gamma factor and compatibility of functional equations 

3.7.1 Gamma factor 

Let r(s) be the usual Gamma function and let rc(s) = {2tt)~T{s). By proposition 1 1 .2 . 2| the Hodge 
decomposition of MB(7r/, T^/"*^*^ ) is 

Our stability and mutiplicity one hypothesis on tt implies that h{p,q) — dimM^* = 1 for every 
(p, q). By the rule of Serre [l^ (25), the Gamma factor associated to MB(7r/, W^'' ) is then 

Loo{s) = \{Tc{s-pf^^'''^ =Tc{s + k + k' + 2,)Tc{s + k + 2). 

p<g 

3.7.2 Compatibility of functional equations 

Theorem 13.341 relates vectors in the space of 1-cxtensions ExtJ^jjg+ (1, MB(7r/, W^*^ )) to the 

L-value Ls{—^,irf). To see that this corresponds to the L-value Ls{0, Mi(7r/, W'^'' )) predicted by 
Beilinson's conjecture, we check the compatibility of automorphic and motivic functional equations. 

For every prime number I the completed L-function 

A(s, M(7r/, ly"')) = L^{s,MB{TTf, W'"''))L{s, M,(7r/, W'"'')) 

conjecturally satisfies a functional equation 

A(s,M(7r/,M^"')) = e{s)A{l~ s,M{TTf,W'''''y), 

where M(7r/, '='=') ^ denotes the dual of M(7r/, M^'^''^'') ( 38J 1.5). By theorem we have an 
isomorphism M;(7r/, M^''' )^ ~ M;(7r/, VF'^'^ )(g)M;(a;°^)(u>). Hence the functional equation becomes 

L{s, M,(^/, T4^"')) = e{s) L{w + 1 ~ s,M,(^^, 1^"') ® Mi{u;°^.)). 

As the archimedean component of tt belongs to P{W''^ ), the central character of tt is of the shape 
uJtt — I l^'^wJJ^. The automorphic functional equation [32] Th. 5.3 gives 

L{s~^,n)^eis)L{l-s+^,n). 



54 



As TT ~ TT (g) ([321 Prop. 2.3) we have 

3 

e(s) L{1 - s + -, TT (Ki uJt,) 
3 

e(s) i(-c + 1 - .s + -, # (g) 
3 

e(s)L(w + 1 - s- -,7r®cj°^). 

Hence the L-function L{s — |, tt) satisfies the conjectural functional equation of L{s, M; (vr/, W'' ^ )) 
and the L- value L(— |,7r) appearing in theorem 13.341 corresponds to the L- value predicted by 
Beilinson's conjecture. We expect the archimedean integral Z^o of theorem 13.341 to coincide up to 
multiplication by powers of i and tt with Loo (0), i.e. a non zero integer up to an integral power of 27r. 
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